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1. Introduction

Euler’s pentagonal number theorem is the expansion

o0 o0
1_[(1 _ Zk) — Z (_1)kzk(3k—l)/2!
k=1 k=—00

for |z| < 1. Euler’s discovery and proof of it are explained in detail in [1]. The coefficients in the power series expansion
of ]_[;j;(l — 7 have a combinatorial interpretation that can be used to prove the pentagonal number theorem
[10, pp. 286-287, Section 19.11]. One can see that

[Ja+2=> qw
k=1 k=0

where q(k) is the number of ways to write k as a sum of distinct positive integers.

In this paper we are concerned with the behavior on the unit circle of the partial products of the above infinite products.
(The distribution of the zeros of the partial sums of the above infinite series is studied in [4].) Let T = R/27Z. We define
P, : T — Chy

Pa®) = [ J(1 =€),
k=1
and we define Q, : T — C by

Q) =[] +e").

k=1
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Fig. 1. [[2, 2|sin(kd)|for0 <6 < Z.

One can check that

o iNO L . ko n(n+ ])
P,(0) = _2iye’y sinf — ], N= ———-, 1
©) = (=2i) ’11 ( > ) 5 (1)
and that
iNg T k6 nn+1)
) =2"e 2 — ], N=—2. 2
Q(0) =2" ECOS( > ) 5 (2)
For f : T — C, we define the Fourier coefficients of f by
R 1 [ .
fm)=— f©)e"do.
2 0

For 1 < p < oo, we define the [P norm of f by

1 2w /p
Ifllp = (271 lf(O)I”d9> ,
0

and we define the £ norm of f by

00 1/p
IF1l, = ( > lf(k)lp> :
k=—o00

We deal with P, in Section 2 and we deal with Q, in Section 3. We give combinatorial interpretations of their Fourier
coefficients, prove asymptotic formulas for their L’ norms, present some other approaches for bounding their norms, and
give an asymptotic formula for the £ norm of the Fourier coefficients of Q,. We also prove an estimate for P, at a point
near where its maximum occurs. In Section 4 we discuss what remains to be shown about these products.

2. Norms of the trigonometric polynomials P,

The Fourier coefficients of P, have a combinatorial interpretation. One can see that
Pn(k) =e€nk — Onk,

where ey,  is the number of ways in which k can be written as a sum of an even number of positive integers that are distinct
and each < n, and oy, ; is the number of ways in which k can be written as a sum of an odd number of positive integers that
are distinct and each < n. For example, one can checkthat6 +5+2+ 1,6 +4+ 3+ 1,5 + 4 4+ 3 + 2 are the only ways
to write 14 as a sum of an even number of positive integers that are distinct and each < 6,so e 14 = 3,and that6 +5 4 3
is the only way to write 14 as a sum of an odd number of positive integers that are distinct and each < 6, so 06,14 = 1. Thus
Pg(14) = 2.

We see from (1) that |P,(6)| = [T}, 2| sin(¥)|. In Fig. 1 we plot [, 2| sin(k)| for0 < 6 < Z.
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Of course, P,(0) = 0. Aside from & = 0 we can explicitly evaluate P, (0) for certain other 6. If gcd(n + 1, h) = 1, then
2mihk 2mihk
2" 1 =[]z —ew1).Since 2™ —1=(z—1)(@"+---+z+ 1) wegetz" +---+z+1=[[\_,(z—e™1)and
setting z = 1 gives

P 1
=n
" n+1

for each h such that gcd(n + 1, h) = 1. In particular this gives us ||P, || > n + 1.
Wright [22], using work of Sudler [18], proves the following theorem giving an asymptotic formula for ||P loo-

Theorem 1 (Wright). We have

R BeKn
Pnlloc ~ :
n

where B and K are defined by

-l w
K =log2 + max (f log sin(nt)dt)
0

O<w<1\ w

—1/4
B=2[1- leZK .
4

The constant K in Theorem 1 is defined using the integral fow log sin(;rt)dt, and in the proof of Theorem 3 we deal with

and

37
fo“” log sin xdx. Milnor in the appendix to [15] shows how to use the integrals — f09 log |2 sin u|du to compute hyperbolic
volumes.

Using the fact that

IPallco < IPall1 < IIPalloc < IIPalli < (N + D||Palloos

we obtain from Theorem 1 that lim,_, » ||P, ||;é" = X, Freiman and Halberstam [8] give a different proof of this.

In fact, the method of Wright’s proof [22] can be used to estimate the LP norms of P, for 1 < p < o0, and we do this in
the following.

Theorem 2. Let g(w) = log2 + fomog sin(rrt)dt, let wq be the (unique) w € (0, 1) at which the maximum of g occurs, let
K = g(wp), let B= 2e’<(1 — %ez") ,and let C = \/—1g"(wp). For each 1 < p < oo we have

1 3
IPall, ~ C1Cf nZn"% exp(nK),

where C; = and C; = and for p = oo we have

27
2f cp’

IPallec ~ CinZ exp(nK).

Proof. For@ e [0, %] we define IT,,(0) = H,’;’ 12| sin(wkd)|. Let y = n‘% (the exponent is the arithmetic mean of—%
and —2; we will just use that it is strictly between these two numbers), and let ] = [% -y, % + y]. We first estimate
f[o 1y 1'[ (9)Pd# and then estimate fj i, (9)pd9
We shall separately estlmate IT,(0) for 6 €
are each increasing on [0
0 e [21—”, #].We have

0, n+l] \J andfor9 e [
L1, an upper bound for IT,(0) on [=

T 3 ] Since IT,, is a product of functions that
——1\J is an upper bound for I7,(6) on [0, n+1 1\ J. Let

’2n 2n’ n+l

log I1,(0) = log 1_[ 2sin(wkf) = nlog?2 + Z G(k),

k=

where G(y) = log sin(;r0y). The Euler-Maclaurin summation formula [7, p. 99, Eq. (3)] gives us
n n 1 1 1
Y Gk = / G(y)dy — f G)dy + =G(n) + =G(1) + Ry,
k=1 0 0 2 2

where [Ry| < 3 ['|G'(v)|dy.
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fo<y=< 1then,as2 <0< —
G(y) = log(6y) + log - Ty = log(7r0y) + log(1 4 0(6%y%)) = log(m0y) + 0(6*),
and it follows that
/01 G(y)dy = log(6) — 1+ 0(9*) = O(logn).

1 1
Because 5 < 0 < 7 We get
G(n) = 0(ogn) and G(1) = O(logn).

Setyg = %.If] <y <yothen0 < 7m0y < 7 and hence G'(y) = 0,andifyg <y < nthen 7 <y < m and hence Gy <o0.
Thus, as G(yg) = 0,

n Yo n
[ 6o = [Tcmar- [ con
1 1 Yo
= —G(n) — G(1)
= 0(logn).
Therefore for 0 € [% ﬁ] we have

1 no
log IT,(0) = nlog2 + P / log sin(ry)dy + O(log n)
0
= ng(nd) + 0(logn).

Letn > 4.Then wo € (3, ), and by Taylor’s theorem there is some & € (3,

=]
g(é)( — wy)? K+g($)

L) such that ifi <w< L then

(w — wp)°.

g(w) = g(wo) + &' (wo) (w — wo) +
One can show that if% < w < 1theng”(w) < —4 (we just use that there is some A < 0 such that if% < w < 1then
g"(w) < A).Henceif 5. <6 < - then

2
gnf) <K —2(nf — wg)? = K — 21 (9 - %) .

Now let 6 € [~ g1\ J. Thus

2n’ n+
ng(nf) < nk — 2n3y2 =nK — Zn%.
Therefore, if 6 € [, #] \J then

enK
,(0) =0 <—) .
n

On the other hand, Sudler [18, p. 4, Theorem III] proves that if 6 € [~ —] then

n+1’ 2
I1,0) <2n° - 24 =o .
n

Altogether, we have for 6 € [ \ J that

oK
Im,0) =o <—) .
n

We now estimate f] IT,(0)Pd6. Let 6 € [0, 1er"] We have

n
log I7,(9) = log [ [ 2sin(rko)
k=1

nlog2+log M(n+ 1)+ Y F(k),
k=1
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where

F(y) = logsin(w0y) — logy.

The Euler-Maclaurin summation formula [6, p. 303, Eq. (7.2.4)] gives us

’ n 1 1 1, 1, !
,;F(k) :/0 F(y)dy+§F(n)+5F(1)+EF (m) — F (1)—/0 F(y)dy +R,

Mn

where |R,| < ﬁ J1'IF” (y)|dy. We have
/ 1 " 3 3 2
F'(y) = w0 cot(mby) — — and F"(y) = 2(w0)’ csc’ (wOy) cos(mwhy) — =-
y y

We estimate the terms in M, as follows. As § = 0(n~!) we have
F(1) = logsin(m8) = log(w8) + 0(n2).

Next, seta = %(l + wp). Since a < 7, for x € [0, a] we have x cot(x) — 1 = O(x?). It follows that
nF'(n) = wOncot(wn) — 1 = O(n%62).

We also have
F'(1) = 76 cot(w0) — 1 = 0(6?).

Finally, for 0 <y < 1 we have

sin(w6y) 2 5
F(y) = log(mt0) + log Tey = log(mr0) + log(1 4+ 0(6°)) = log(mO) + 0(6°).

Putting these estimates together we obtain
1 1 1
M, = > log sin(nz6) — 3 logn + 3 log(70) + 0(n™2) + 0(no?) + 0(6?) — log(xH) + 0(6?)
1 1 1
=3 log sin(nm @) — > logn — > log(m0) +0(n™1).

We now bound the R, term. Take a = %(1 + wp), and as a < 7 we have for x € [0, a] that x csc(x) — 1 = 0(x?). Hence
for 1 <y < nwe have

" 2 2 —
FI(9) = 5 cos(roy) (1+00%") = 5 = 00y,
and so

|Rn| = O (/ Gzy‘ldy> = 0(#%logn) = O(n? logn).
1

From the asymptotic expansion for log I"(n + 1) [6, p. 306, Eq. (7.6.5)] we getlog I'(n+ 1) = nlogn —n+ % log(2mn) +

O(n™1). Therefore, for 6 € [0, 1;;‘)0] we have

1 1 né
log IT,(#) = nlog2 +nlogn —n+ > log(27n) +0(n™ ") + g / log sin(ry)dy — nlogn 4+ n
0
1 . 1 1 -1 -2
+ 3 log sin(nmf) — > logn — 3 log(w0) + O(n" ") + O(n"“ logn)
1 1
= ng(nd) + > log(2 sin(nw6)) — 3 log 4+ 0(n™ ).
As g’(wg) = 0, we have

1
g(w) = g(wo) + & (wo)(w — wo) + 58”(“’0)(10 —wo)? 4+ O((w — wo)*)
=K — C*(w — wp)? + O((w — wp)?).
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Thus if @ € J then, as n*y3 = n™1 (this is where we use that the exponent of y is strictly less than —%), we have
Wo 2
—) +o(1).

2
ng(nf) = nk — n3c? (9 - @) +0(n*y?) = nk — i3 (9
n

Also,
sin(rw sin(rw

(rw) _ sinGrwg) oo
Wo

w
and so if 0 € J then
. sin(nm6)
log(2 sin(n@)) = log(2n) + logf + log g
n
sin(7r wy) oo — wo))

= log(2n) + log6 + log (
Wo
sin(7r wo)
=1 2n——- ) + log(@) + O(ny).
Because eX = 2 sin(m wg) (which follows from g’(wg) = 0), it follows that W = %.
We put together the above to get for 6 € J that
3 wo 2 1 22
log IT,(0) = nK —n°C (0 — —) + —log|n + o(1).
n 2 4r
Using this estimate for log IT,(6) for 6 € | we obtain
exp <—pn3C2 (9 - ﬂ) )d@.
n

/nn(e)Pde = /exp(p log IT,(0))do
J J
202\ P/2 X
) (1+0(1) |,
2y

= exp(pnk) <n
— %) and setting V = ﬁn%Cy = \/f)Cnlz we get

n

3

Doing the change of variable v = ﬁCn% (
2~2\ P/2 v
) (o) [ exp-v?)
-v C./pn2

v
(1 +o(1))/ exp(—v?)dv.
Y

22

/nn(e)l’de = exp(pnk) (n
J

>P/2

= exp(pnk) <n 3
47 Cﬁni

2
M)=ﬁ(1+o(1)>,

As [6, p. 97, Eq. (10.8.4)]
%

\'4
/ exp(—v?)dv = /7T +0 (
-V
we get (this is where we use that the exponent of y is strictly greater than — %)

22\ P/2
BC) Yl (14 0(1)).

3

C./pn2

/nn(e)Pde = exp(pnK) <n
] TT
We have obtained estimates for f[o,%]\] IT,(0)Pd6 and for f] IT,(0)Pd6, which we now use to estimate ||P,||,. Put ¢ =

%.Forl < p < oo we have
[P} = 2 : IT,(6)Pdo
o
- 2/ 1,(6)Pdo +2/1‘1n(9)”d9
[0.3]v ]
p P2 ppepy-p b 1o-1.-3 -1
= 0(¢P) +2¢ n2 BPCP27 P 27 2C  'n" 2p~ 2(1 4+ 0(1))

= 2¢"n ¥ BPCP2 P b i I ipTE (14 0(1)),
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K 174 1

and hence

1 1 1 _3 _1
IPall, = 27 exp(nK)n2BC2 '~ 225 C pn~ % p 2 (1+ o(1)).
Taking p — oo gives

IPalleo = exp(nK)n2BC2 '~ 2 (1 4+ 0(1)). O

Doing integration by parts one can show that wy is the unique zero w € (0, 1) of fow t cot(rt)dt. We compute that
wo = 0.7912265710. . ., from which we get K = 0.1986176152.. .., so e = 1.219715476. .. and B = 2.740222990. . ..
We also compute that C = 1.606193491....

We show in Fig. 2 a plot of % forn = 1,...,400 and in Fig. 3 a plot of e,JLi”,”fM forn = 1,...,400. We have from
Theorem 2 that

IPall1 ~ Bn~'e"™ = 2.740222990. .. n~ '™
and

[Pall, ~ BC22 i~ in~4e"™ = 1.551046691. ... n~4e™.

Using the pentagonal number theorem we can deduce that |P,||; — o0 as n — oo from a general result on exponential
sums. Littlewood’s conjecture, proved in [ 14], is that there is a constant H such that if the first M nonzero Fourier coefficients
of an L! function f each has absolute value > 1, then ||f||; > H log M. The case of the Dirichlet kernel shows us that H < =%,

T
since ||Dall1 = - logn + 0(1). Of course all the nonzero Fourier coefficients of P, have absolute value > 1 (namely, they
72

are integers), and one can show using the pentagonal number theorem that P,, has > % n nonzero Fourier coefficients with
absolute value > 1, hence

3
[Pl = H10g<2«/ﬁ).
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The L*° norm of HZ:1 sin(kf) is discussed by Carley and Li [3]. They observe that the maximum of ]_[Z:] sin(k@) occurs
around 6 = i—’;. Using the Euler-Maclaurin summation formula, they show that

L 3k 5
nsin 2 > Cy/nexp| —=nlog2 ],
Pk 4n 6

for some C > 0. Thus

p 3
"\ 2n

We shall improve on the lower bound given in (3). LetA = % where

> C\/ﬁexp(;nlogz) (3)

o0
G= 1)" = 0.9159655942 . . .
Z @n + 1)2( )

n=i

is Catalan’s constant.

Theorem 3. For some Cy > 0,

P, n < n%ehn
2n

P, 37| s n~Ce,
2n -

Proof. Let f(x) = log|sinx|. Let [ = | &' |. We have
37k\ 3w T u 37k\ 3w ki
( ) L E ;f(n)%—/(k_wf(x)dx
<= n—fgﬂf(x)dx+z k— (k—])— Eal
- 4n | 4n 0 4n
T 3 3 T 3
i 37 37 \\ 37

We will estimate these lines separately. For the first line, because sinx < x for all x > 0 and because sinx > %x for
x € [0, 7], we have

and

w

3t 3w [E 3t 3w (@ 2

— log sin — — logsinxdx < — log — — log —xdx

4n 4n 0 4n 4n 0 b
37 37 3m 2 3m 3 " 3
T 4n an 4an 27 3 4n  4n

Il
(@)
PN
S| =
S—
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For the second line, because f’(x) = cot x we have

) (o5 () 2)

13

37 4n
= — cot xdx
4n J3x

an

37 [2
— cot xdx
4n Jix

“50() - (3))

IA

I

@)
I aw
‘o—:tl
S |oQ

=
Ss~——

For the third line, [f((l + 1)%)| < |f<l%)|. Moreover, [ %] > 2 forn > 2, so [f(li’;)| < |logsin 22 |. Therefore the
third line is O(1).
For the fourth line, because f’(x) = cot x we have

u 3 37\ \ 3w 37 3 3
Sble-v3) () =R 00 (o))

3
3 4

= cot xdx
an Jo

3
3 (4
—— cot xdx
4n z

The sum of the four lines is O(l"%) and thus there is some Cy > 0 such that

n 37
. [ 3wk 4n 4 .
Z logsinf — | — — log sin xdx
=1 4n 3 0

One can check that log | sin x| has the Fourier series

IA

< Cologn.

—log2 — Z %(1 + (=1D") cos(nx).
n=1

Iff e L! (’]I‘) has the Fourier series Y a,e, then fabf(x)dx =>a fab e dx [20, Section 13.5]. For f (x) = log | sinx|, a = 0,
and b = =%, we have

T 3rlog2 X1 37n
log sinxdx = — — — 1+ (=1)"sin —
/0 4 ; n? 4
_3nlog2_i 1 -25in3n'2n
4 L@y 4
_3m 10g2 11
Ea
3mlog2 i 1 sin 37-2n+1)
= — 1
4 £ 20+ 1)2 2



J. Bell /J. Math. Anal. Appl. 405 (2013) 530-545 539

_ _3m log2 3 1%#(_1)n+1
4 2 & (2n+ 1)
3rlog2 G
— +§.

Therefore

1 [ 37k
Zlogsm — | — (A—1log2)n
= 4n

forA = % Taking exponentials, it follows that

n
. [ 3k
| | sin < nCOe(A—logZ)n
Pk 4n

< Cologn

and
n
3k
nsin ] > nCopA-log2)n
Pk 4n

Thus by (1) we get |Pn<3—’;>| < n%eA" and |Pn(3—’;)| > n~%eM. O

This shows that ||P, ]| > n~e". We compute that e* = 1.214550362. . ..
Lubinsky [13, Theorem 1.1] proves that if ¢ > 0, then for almost all & we have

| log [P.(6)]] = O((log n) (loglog n)*),

but that this is false ife = 0.1f6 has bounded partial quotients, Lubinsky shows thatlog |P, ()| = O(logn) [13, Theorem 1.3].
However, almost all 6 do not have a continued fraction expansion with bounded partial quotients [ 10, p. 166, Theorem 196].

3. Norms of the trigonometric polynomials Q,,

One can see that the Fourier coefficient é; (j) is equal to the number of ways to write j as a sum of distinct positive integers
each < n. For example, the partitions of 9 into distinct partseach < 6are 1+2+6,1+3+5,24+3+4,2+7,3+46,4+5,
and thus Q;(9) = 6.

Various results have been proved about the number of partitions of j as a sum of integers each > n and the number of
partitions of j as a sum of distinct integers each > n for n small relative to j; see for example Szekeres [19], Freiman and
Pitman [9], and Mosaki [16].

By (2), we can express Q,(6) using [],_; cos("e

2
tion. Let X, be independent Bernoulli &1 random variables. One can check that the characteristic function of Zzzl kX is
[Tk=; cos(k®). Unfortunately, to use the central limit theorem we would first have to normalize the sum by dividing it by

n*/?, and the characteristic function of Y;_; =% X, is [ T;_, cos &7, not [T;_, cos(ke).
We see from (2) that |Q,(0)| = ]_[Z:1 2| cos(%") |. In Fig. 4 we plot ]_[,111 2| cos(k0)| for 0 < 0 < 7 (here the ordinate of

0is 1024).
Of course Q;(0) = 2", 50 [|Qullco = 2". Aside from & = 0 we can explicitly evaluate Q,(0) for certain other 6. If gcd

(n+1,h) =1, thenz"t! — 1 =]_[ZI}(Z—62'1ﬂTmlk).Sincez"“ —1=-1DE"+---+z+1),wegetz"+---+z+1=

ihk
[Tiei(z — eZHT), and setting z = —1 yields

2rh | 14+ (D"
Q”<n+ 1) B 2

for each h such that gcd(n + 1, h) = 1.

Forall 1 < p < oo we have ||Qull, < [|Qulloo = 2". On the other hand, let 1 < p < q < oc. One can show that there is
1_1

some C > 0 such thatif f satisfiesf(i) = Ofor |j| > N then ||f|lq < CN? " 9||fll, [12, p. 123, Exercise 1.8]. (In fact one can

). The product HZ:1 cos(kO) has the following probabilistic interpreta-

take C = 5.) Since [| Qoo = 2", we get for 1 < p < oo that ||Q[l, > 22"N~'/7.
We can do better than this. Following Wright's method of proving Theorem 1, which we used in our proof of Theorem 2,
we get in the following theorem an asymptotic formula for ||Q,||p.
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Theorem 4. For 1 < p < oo we have

1
6 \" . 3
1Qllp~ | — | 2'n .
pr

Proof. Let ¥,(0) = ]_[,'::1 2| cos(itk6f)|. We can check that

172 1/p
||Qn||p=<2 / wn<9)Pd9> .
0

Let y = n~%3, We shall estimate ¥, (0) separately for0 <6 < y andfory <6 < %
Let 0 < 0 < y.We define F(y), depending on 6, by F(y) = log cos(r6y). Then

n

n
log ¥, (0) =nlog2 + Zlogcos(nk@) =nlog2 + ZF(I().
k=1 k=1

By the Euler—-Maclaurin summation formula [6, p. 303, Eq. (7.2.4)] we have

n n 1 1 1, 1, !
;F(k) =/0 F(y)dy + iF(n) + 5F(1) +5F (n) — F (1) —/0 F(y)dy +Ry

Mn
where |R,| < (2721)2 fln |F” (y)|dy. First, doing a change of variables, because & < y = n~%3 and because logcosx =
—% + 0(x*), we have
n 1 né
/ F(y)dy = f/ log cos(mz)dz
0 0 Jo
1 né 7.’:222
=— — 0(z*) |dz
L /0 ( = o
2
= —€n392 +0m°9%)
2
= ——n*0? + o 13).
6
Second, using § < y = n"*3,logcosx = —% + 0(x*), and tanx = O(x), we have

1 1 76 70 1
M, 3 log cos(On) + 3 log cos(0) — E0 tan(mwfOn) + = tan(m6) — log cos(0y)dy
0

=0 ) +0m™*?) +0m*?) +0n~*?) + 0(n~*?)
= 0(n~?7).
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Third, F” (y) = —27363 sec®(r0y) tan(x0y), which yields |R,| = 0(n~'%/3). Putting these three pieces together gives
2
log ¥, () = nlog2 — ?n392 + 013

and thus
2 w2
,(0) = 2" exp —€n392 exp(0(n~13)) = 2" exp —€n392 (14+0n~?).

Therefore, making the change of variables ¢ = \/énnme and because fov e’ d¢ ~ ? — % asV — oo |6,p.97,
Eq.(10.8.4)], we have

Y Y 2
/ Wn(60)°d0 = 2”"/ exp| —p=p-n’6 |do - (14 0(n™'%))
0 0

6 nl/sx/grr
= 2o 771_1n_3/2/ e dp - (14 0 "?)
p 0
o | 3 _3p -1/3 -1/6
=2 | —n -(14+0(n 7)) +0(n" 7))
2pm
pn 3 -3/2 -1/6
=27 /—n -(1+0m™7)).
2pm

Now we bound ¥,(0) fory <6 < % We have, for ¥;,(0) # 0,
n
¥, (0) = exp(log ¥, (9)) = 2" exp <Z log | cos(nk9)|).
k=1

Using the inequality logx < x — 1 for x > 0 and the identity cos(2x) = 2 cos® x — 1, we get for all x with cos x # 0 that
1 5 1 5 1
log | cos x| = 5 log(cos” x) < E(COS x—1) = Z(_l + cos(2x)).

Hence, for ¥;,(0) # 0,

1 n
v,(0) < 2" exp<4 k;(—l + cos(2nk0)));
but of course this inequality is true when ¥, () = 0, hence the inequality is true for all 6. Let

Ha(0) = Y (—1+ cos(2k)).

k=1

We first deal with the interval y < 6 < ﬁ ForO0 < x < lonehascosx <1 — % (using the Taylor series for cos x,

which is an alternating series), so for y <6 < ﬁ we have

)

n 27ko)? n 2 +3n% +n 2726%n3
HH(G’)EZ_( i) = —21%0 Y K = —27°6” ran
=1 2 =1 6 3

1/3

s0 Hy (0) < — 212

We now deal with the interval 71— < 6 < 5-.Since —1+ cosx = —2sin’ (), we have

Ho(0) = —2 Z sin? (k6).
k=1
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Using that sin® x is nondecreasing for 0 < x < % we have

n km6
Z 76 sin? (ko) — f sin® xdx

k=1 (k—=1)76

k=1

n nb
Z 70 sin®(wko) — / sin? xdx
0

k=1

k6
70 sin? (ko) — / sin® xdx
(k=1)76

n
Z’nQ sin? (k) — 76 sin? ((k — 1)7{9)’

k=1

IA

sin(r0) sin((2k — 1)n9))

n
b4 Z
k=1
n
n@ZnQ
k=1

IA

T
< —.
~ 4n
Therefore
n néd 2
.2 .2 T
Zn@ sin“(mwkf) > / sin“ xdx — —.
k=1 0 4n
But foﬂng sin® xdx > 01/2 sin® xdx = (1 — sin(1)), because 6 > 51—, so
3 S ekd) = (1 —sin(1) — 2 = (1~ sin(1y) - T
sin®(k —— (1 —sin — — > —(1—sin -
pa ~ 46 40 — 2w 2
Sofor 7 < 6 < 5- we have
n
Hu(0) = ——(1 = sin(1)) + .
Finally we deal with the interval z—ln <6< % Using cosx = eierzefix, the formula for a finite geometric series, and then
sinx = elx’z‘;ﬂx, one can check that
1 1sin((2n + 176
Ha(0) = —n — L 4 1sin(@n+ Drf)
2 2 sin(0)
For0 < x < Z we have sinx > 2x,so for ;- < 6 < 1 we have
H,(60) < 1 + 1 - n 1
N——F — < —= — =
= 240 2 2
Putting together the bounds we have fory <6 < 51—, - <6 < -, and 5- <6 < J, we get

2,1/3
v, (0) = O(Z“ exp(—n Z ))

In summary, we have shown that

1/2 6 72nl/3
2/ Y (0)PdO = 2P [ —n32 . (1+ 0~ "/5)) + o 2" exp| —p
0 p 6
6
=2 | —n?2. (1+0m"%). O
p
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Following Pribitkin’s [5] which gives an upper bound on the number of partitions of j with at most n parts, Bidar [2]
gives an upper bound on Qn(]) involving the dilogarithm function Li,. However, take n to be even, and let j = L”("H)J We
compute that the exponential term in Bidar’s upper bound for Qn(l) is e!", with

Butlog2 = 0.6931471805 . . .. Thus here Bidar’s bound is worse than the bound @1(1') < 1Qull1 < 1Qnllec = 2".

In the following theorem we show that for j sufficiently close to "(”“) the Fourier coefficient @, (j) is close to 2”\/§ n—3/?

and use this to get [|Qnlloc ~ 2”\/511*3/2. We use the bounds on ¥,(0) = [],_; 2| cos(rk6)| that we established in our
proof of Theorem 4.

Theorem 5. We have

~ [6
I1Qallos ~ 2"/ =172,
s

Proof. We can check that

nn+1)

- 1/2 . n
Q.(j) = 2/0 cos(m (N — 2j)0) HZcos(nké’)dO, N = 5

k=1

Following the proof of Theorem 4, with ¥,(9) = [],_; 2| cos(mkf)| and y = n~*/3, we get

w=2 ), (oo 5))
() = 2/ cos(w (N — 2))0)¥,(6)dd + O 2" exp| — .
0

6

We have from our proof of Theorem 4 that

/y Wn(0)d0 = 2"\/511—3/2 S(14+0m %)),
0 2

Using this and the inequality cos(x) > 1 — % for 0 < x < 1 we have for [N — 2j| = o(n*?) that

~ 4 v T2n1/3
Q.(j) = 2/ wn(e)d9+o</ v, (0)do | +0 2”exp(— 5
0 0
= 2“\/3*3/2(1 +0(1)).
T

But by Theorem 4 we have [|Qallco < |Qull1 ~ 2”\/511*3/2. It follows that [|Qnlee ~ 2“\/%n*3/2. O

In the above proof we showed that Q,(j) is 2”\/§n*3/2(1 +o0(1)) for [N — 2j| = o(n*/3) and that for other j, Q,(j) is upper

bounded by 2"\/§n*3/2 (140(1)), but we did not establish whether @10) is close to 2" \/511*3/2 for otherj or is substantially

smaller. Generally, a sequence aq, . . ., ay is said to be symmetric if ay = ay_, forall0 < k < N, and is said to be unimodal
if there is some m such thatay < a; <--- <apanday < ay_q1 < --- < ap.Ifag, ..., ay is symmetric and unimodal then
form = L%J the term a,, is equal to the maximum of the sequence. For N = @ there is a bijection between the set of
partitions of j into distinct parts each < n and the set of partitions of N — j into distinct parts each < n: for each partition
we take the positive integers < n not in this partition. Thus Q,(j) = Q,(N — ), i.e. the sequence Q,(j) is symmetric. Hughes
and Van der Jeugt [11] show using the representation theory of Lie algebras that the sequence Q,(j) is unimodal, and survey
how to use these methods to prove the unimodality of other sequences. The unimodality of Q, (j) can also be proved without
using Lie algebraic methods [17].

4. Conclusions

n(n+1)

It remains to determine the asymptotic behavior of the £° norms of f’; and @1 for1 <p < oo.letN = and let

L= % — 4n, with wq as defined in Theorem 2. Wright's proof [22] of our Theorem 1 shows that if k = § + o(n*?)
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Fig. 6. 1%l forn=1, ..., 400.
then

- Bel(n eKn
P,(k) = - cos(2wL) +o -

with K and B as defined in Theorem 1. Furthermore, Wright [21] proves a result that specializes to the following. Take C as
defined in Theorem 2.If m = k — & = o(n*/®) then

. B 7°m? nmw .
P,(k) = —exp| Kn — T cos 5 4+ 2mrmn wo | +0(1) ).
n n

If n3/2 of the Fourier coefficients of P, have magnitude on the order of # and the other Fourier coefficients of P, are
relatively negligible, then ||P, ||, would have order of magnitude

i, (4)

For p = 2 we have from Parseval’s theorem that ||P,||; = [P, |2, and by Theorem 2 that ||P, ||, ~ 2~ 3/4z~1/4BC"/2eknp=1/4,
which is consistent with ||I3\ |l having order of magnitude (4). In Fig. 5 we plot l‘f:"ﬁ}z forn=1,...,500.

Since Q, has nonnegative Fourier coefficients, Q,(0) = ||Q,,||1, and so ||Qn||1 = 2" If n* of the Fourier coefficients of

Qq have magnitude on the order of 2"n ‘3/ 2 (which from Theorem 5 is the order of magnitude of ||Q,1 |l ), then the identity
|Qu]l1 = 2" implies that o = 3 .Then ||Qn I, would have order of magnitude

n 3.3
2" 2

(5)
% _ %
By Theorem 4, we have ||Q, | ~ (%) 2"n=3/% and so by Parseval’s theorem, || Q|2 ~ (%) 2"n—3/4 which is consistent

with ||@||p having order of magnitude (5). In Fig. 6 we plot g,?"ﬂi forn=1,...,400.
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