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For x € R and r > 0 write
B(z,r)={yeR:|y—z| <r}.

Let A be Lebesgue measure on the Borel o-algebra of R and let A\* be
Lebesgue outer measure on R.

A Vitali covering of a set £ C R is a collection V of closed intervals such
that for € > 0 and for « € E there is some I € V with x € I and 0 < A\(I) < e.

The following is the Vitali covering theorem.!

Theorem 1 (Vitali covering theorem). Let U be an open set in R with A(U) <
0o, let E C U, and let V be a Vitali covering of E each interval of which is
contained in U. Then for any € > 0, there are disjoint I1,...,I, €V such that

MIE\UIL | <e
j=1

Proof. Suppose that I,...,I, € V are pairwise disjoint. If £ C U?Zl I; then
Iy,..., I, satisfy the claim, and otherwise, let

Uan\UIj,

and there exists some x € ENU,. As x € U, and U, is open, there is some
n > 0 such that B(z,n) C U, and then as V is a Vitali covering of F there is
some I € V with z € I C B(z,n) C U,,. Thus §,, > 0 for

O =sup{A\(I): I eV, I CU,},

and there is some I,,+1 € V with I,,41 C U, and \(I,,+1) > %".
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For j > 1 write I; = [z —rj,z; +7;] and let J; = [x; —5rj, ;4 57;], namely
J; is concentric with I; and A(J;) = 5A(I;). Then, as the intervals I, I, ... are
pairwise disjoint Borel sets each contained in U,

oo

> A = 5§:A(Ij) =5\ G I | <5AU) < o0
j=1 j=1

Jj=1

and it follows from Y°7%, A(J;) < oo that 7%,/ A(J;) — 0 as M — oo, which
with

MU G| <D0
j=M j=M

yields A (UJO';M Jj) —0as M — oo.

Let M > 1. If z € E\U;’ilfj then x € E\Ujlefj and so x € Uy, and
as Uy is open there is some n > 0 with B(z,n) C Upy. But € E and V is a
Vitali covering of F, so there is some I € V with 2 € I and I C B(z,n) C Un.
Now, A(Lj+1) > %’ and Z;‘;l A(I;) < oo together imply 6, — 0 as n — oo, so
there is some n for which §,, < A(I). By the definition of §,, as a supremum,
this means that I ¢ U, and so it makes sense to define N to be a minimal
positive integer such that I ¢ Uy. M < N: if M > N then I C Up; C Uy,
contradicting I ¢ Uy. (We shall merely use that M < N.) The fact that
I ¢ Uy and I C Uy_; means that I N Iy # @ and also, by the definition of
In_1, AMI) < dn_1 < 2X(In). Write I = [y —r,y +7]. INIy # 0 tells us
y—r<zy+ryandy+r>axzny—ry, and A(I) < 2X\(Iy) tells us 2r < 4ry,
hence

y+r<zy+ry+2r<zy-+ory, Y—r>TN —TrN—2r > TN — OrN,
showing that

zel=y—ry+r]CJnC U Jj.
=M
This is true for each z € E'\ UJO';I I, which means that

ENXUULc | 7
j=1

j=M

Because A(UjZ,, Jj) — 0 as M — oo, this yields
XMlENJIL | =o0.
j=1
But E\J;_, I; is an increasing sequence of sets tending to E'\(J;, I;, therefore

A" E\Lnjlj N E\[jfj =0, 1n— oo,
j=1

j=1



so there is some n such that A* (E\U;;l Ij> < € and then I4,..., 1, satisfy
the claim. O



