Trace class operators and Hilbert-Schmidt
operators

Jordan Bell
April 18, 2016

1 Introduction

If X,Y are normed spaces, let Z(X,Y) be the set of all bounded linear maps
X —>Y. IfT: X — Y is a linear map, I take it as known that T is bounded
if and only if it is continuous if and only if £ C X being bounded implies that
T(E) CY is bounded. T also take it as known that Z(X,Y) is a normed space
with the operator norm, that if Y is a Banach space then #(X,Y") is a Banach
space, that if X is a Banach space then Z(X) = #(X, X) is a Banach algebra,
and that if H is a Hilbert space then #(H) is a C*-algebra. An ideal I of a
Banach algebra is an ideal of the algebra: to say that I is an ideal does not
demand that I is a Banach subalgebra, i.e. does not demand that I is a closed
subset of the Banach algebra. I is a *-ideal of a C*-algebra if I is an ideal of
the algebra and if A € I implies that A* € [.

If X and Y are normed spaces, we take as known that the strong operator
topology on B(X,Y) is coarser than the norm topology on Z(X,Y), and thus
if T,, — T in the operator norm, then 7,, — T in the strong operator topology.

If X is a normed space, M is a dense subspace of X, Y is a Banach space
and T : M — Y is a bounded linear operator, then there is a unique element of
A(X,Y) whose restriction to M is equal to T, and we also denote this by T'.%

If X is a normed space, define (-,-) : X x X* — C by

(z, Ay = A(x), re X, e X",

This is called the dual pairing. If X and Y are normed spaces and T' € Z(X,Y),
it can be proved that there is a unique T* € Z(Y™*, X*) such that

(Tz,A) = (x, T*N), reX,AeY",

called the adjoint of T, and that the adjoint satisfies ||T|| = ||T*]].2
I give precise statements of any statement that I want to use without proof.
If a fact is not straightforward to prove and is not easy to look up (perhaps

IThis is an instance of a result about topological vector spaces and Fréchet spaces. See
Walter Rudin, Functional Analysis, second ed., p. 40, chapter 1, ex. 19.
2Walter Rudin, Functional Analysis, second ed., p. 98, Theorem 4.10.



because it does not have a standardized name), I give a citation to a statement
that is the precise version I use. I am making a point to write out full proofs
of some tedious but essential arguments about Hilbert-Schmidt operators and
trace class operators.?

2 Finite rank operators

In this section, X and Y denote Banach spaces. We say that a linear map
T : X — Y has finite rank if T(X) is a finite dimensional subspace of Y. A
finite rank operator need not be bounded: If X is infinite dimensional, let & be a
Hamel basis for X and let {e,, : n € N} be a subset of this basis. Defining a linear
map on a Hamel basis determines it on the vector space. Define T': X — C
by Te, = nlle,| and Te = 0 if e is not in the countable subset. Then T is
not bounded; but its range has dimension 1, so T has finite rank. We define
PBoo(X,Y) to be the set of T € B(X,Y) that have finite rank. It is apparent
that %oo(X,Y) is a vector space.
ffeX*andyeY, wedefiney® f: X - Y by

y® f(z) = f(z)y.
y® f: X —Y is linear, and

ly@fll = sup [[(y&f)(2)| = sup [|f(z)yl = llyll sup [f(z)] <Ilyll sup [IF]]=],
o<1 Izl <1 Izl <1 el <1

5o ly® £1| < I lyll, s0 y @ £ is bounded. (y® f)(H) C span{y}, so y @ f has
finite rank. Therefore y ® f € %Bpo(X,Y).

The following theorem gives a representation for bounded finite rank oper-
ators.?

Theorem 1. If T € Boo(X,Y) and wy,...,wy is a basis for T(X), then there
are unique fi,..., fr € X* such that

k
T:ij®fj'

Jj=1

For y € Y, define F,, : Y* — C by F,(\) = A(y). One checks that F, €
(Y*)*. Often one writes y = F),, which is fine as long as we keep in mind
whether we are using y as an element of Y or as an element of (Y*)*.

3Many of the proofs that I give are vastly expanded from what is written in the references I
used; I simply decided to write down every step that I did, and thus a reader should be able to
read this note without needing having to work out calculations on paper or without realizing
partway through that I was tacitly identifying things or that what I said is true only under
conditions I left unstated because I thought them too obvious. Indeed there is no royal road
through mathematics, but we do not need to break up the asphalt and destroy the signage to
make travelling what roads there are a trial of one’s skill.

4Y. A. Abramovich and C. D. Aliprantis, An Invitation to Operator Theory, p. 124, Lemma,
4.2. In this reference, what we write as y ® f they write as f ® y.



Theorem 2. If there are wy,...,wx €Y and fi1,..., fx € X* such that

k
TIZU)j@fj,

j=1
then
k
T* = Z fj ® U)j.
j=1

Proof. Let y €Y and fe€ X*. If x € X and g € Y*, then

(y® flz,g) = (f(@)y,9) = f(@){y,9) = f(x)g(y),

where (-,-) : Y x Y* — C is the dual pairing. But

f(@)g(y) = (x, 9(v) f) = (&, Fy(9)f) = (=, (Fy © f)(9))-

where (-,-) : X x X* — C is the dual pairing. We have F, @ f € Z(Y*, X*),
and hence
W) =Fef=yaf

This shows that the adjoint of each term w; ® f; in T'is f; ® w;, and the adjoint
of a sum is the sum of the adjoints of the terms, completing the proof. O

The above two theorems together show that if T € %By(X,Y) then T* €
Boo(Y*, X*).

Theorem 3. If X is a Banach space, then Boo(X) is a two sided ideal in the
Banach algebra #(X).

Proof. We have stated already that %oo(X,Y) is a vector space, and here Y =
X. If A€ Byo(X) and T € #(X), then AT € A(X), and

A(T(X)) € A(X),

which is finite dimensional, so AT € HByo(X). TA € B(X), and T(A(X))
is the image of a finite dimensional subspace under T, and so is itself finite
dimensional. Hence TA € HByo(X). O

3 Compact operators

We say that a metric space M is totally bounded if for every e there are finitely
many balls of radius € whose union equals M. The Heine-Borel theorem states
that a metric space is compact if and only if it is complete and totally bounded.
If S is a subset of a complete metric space M and S is compact, then by the
Heine-Borel theorem it is totally bounded, and any subset of a totally bounded
metric space is itself a totally bounded metric space, so S is totally bounded.



On the other hand, if S C M is totally bounded, then one proves that S is also
totally bounded. As S is a closed subset of the complete metric space M, S is
a complete metric space, and hence by the Heine-Borel theorem it is compact.
We say that a subset of a metric space is precompact if its closure is compact,
and thus a subset of a complete metric space is precompact if and only if it is
totally bounded.

Let X and Y be Banach spaces. If T': X — Y is a linear map and U is the
open unit ball in X, we say that T is compact if the closure of T(U) in Y is
compact. Therefore, to say that a linear map 7' : X — Y is compact is to say
that T'(U) is totally bounded.

It doesn’t take long to show that if 7 : X — Y is linear and compact then it
is bounded, so there is no difference between stating that something is a bounded
compact operator and stating that it is a compact operator. The following is
often a convenient characterization of a compact operator.

Theorem 4. A linear map T : X — Y is compact if and only if for every
bounded sequence x,, € X there is a subsequence Tq(p) such that T'xq () converges
mY.

We denote the set of compact operators X — Y by %By(X,Y). It is apparent
that %y(X,Y) is a vector space. For T' € A(X,Y), it is a fact that T €
Bo(X,Y) if and only if T* € LBo(Y*, X*).°

The following theorem states if a sequence of compact operators converges
to a bounded operator, then that operator is compact.® Since Z(X,Y) is a
Banach space, this implies that %,(X,Y’) is a Banach space with the operator
norm.

Theorem 5. If X andY are Banach spaces, then Bo(X,Y) is a closed subspace
of the Banach space B(X,Y).

The following theorem shows that a bounded finite rank operator is a com-
pact operator. Since a limit of compact operators is a compact operator, it
follows from this that a limit of bounded finite rank operators is a compact
operator.

Theorem 6. If T € Byo(X,Y) then T € By(X,Y).

Proof. Let U be the open unit ball in X. Since T is bounded and U is a bounded
set in X, T'(U) is a bounded set in Y. But T'(X) is finite dimensional, so T'(U) is
a bounded set in a finite dimensional vector space and hence by the Heine-Borel
theorem, the closure of T'(U) in T'(X) is a compact subset of T(X). T(X) is
finite dimensional so is a closed subset of Y, and hence the closure of T'(U) in
T(X) is equal to the closure of T(U) in Y. Hence the closure of T(U) in Y is
a compact subset of Y. (If E is a topological space and C C D C E, then the
subspace topology C' inherits from F is the same as the subspace topology it
inherits from D, so if K C T(X) C Y then to say that K is compact in T'(X)
is equivalent to saying that K is compact in Y.) O

5Walter Rudin, Functional Analysis, second ed., p. 105, Theorem 4.19.
SWalter Rudin, Functional Analysis, second ed., p. 104, Theorem 4.18 (c).



Theorem 7. If X is a Banach space, then By(X) is a two sided ideal in the
Banach algebra B(X).

Proof. We have stated already that %,(X,Y) is a closed subspace of Z(X,Y),
and here Y = X. Let K € %y(X) and T € #(X). On the one hand, if z,, is a
bounded sequence in X, then ||Tz,| < ||T||||z,]|, so Tz, is a bounded sequence
in X. Hence there is a subsequence T'x,(,) such that K(T'zq(,)) = (KT)zq(n)
converges, showing that KT is compact.

On the other hand, if x,, is a bounded sequence in X, then there is a sub-
SeqUence Tq(y) such that Kaca(n) converges to some x. 7T is continuous, so
T(Kxq(n)) converges to Tz, showing that T'K is compact. O

If X is not separable, then the image of the identity map id x is not separable,
so the image of a bounded linear operator need not be separable. However,
the following theorem shows that the image of a compact operator is separable.
Check that if a subset of a metric space is separable then its closure is separable.
From this and Theorem 8 we get that the closure of the image of a compact
operator is separable.

Theorem 8. If K € %,(X,Y), then K(X) with the subspace topology from Y
s separable.

Proof. Let U, = {z € X : ||z|| < n}. Then K(U,) is compact. It is a fact that
a compact metric space is separable, hence K (U,,) is separable. A subset of a
separable metric space is itself separable with the subspace topology, so let L,
be a countable dense subset of K (U,,). Let L = J,;_; Ly, which is countable.
It is straightforward to verify that L is a dense subset of

K(X)=|J K(U.).

Therefore, K(X) is separable. O

4 Hilbert spaces

We showed that if X is a Banach space then both %yo(X) and %y(X) are two
sided ideals in the Banach algebra Z(X). We also showed that if A € HBpo(X)
then A* € HBoo(X*), and that if A € Hp(X) then A* € HBo(X*). If H is a
Hilbert space then #(H) is a C*-algebra (as the adjoint of A € #(H) is not
just an element of B(H*), but can be identified with an element of Z(H)) and
what we have shown implies that Zoo(H) and By (H) are two sided *-ideals in
the C*-algebra Z(H).

If Sy, € I are subsets of a Hilbert space H, we denote by \/,.; S, the
closure of the span of |J,; Sa. If S1,S2 are subsets of H, we write S; L Sy if
for every s1 € S1 and sy € So we have (s1,s2) = 0. If V is a closed subspace
of H, then H = V @ V=1, and the orthogonal projection onto V is the map
P : H — H defined by P(v +w) = v forv € V,w € V. P(H) =V, so



rather than first fixing a closed subspace and then talking about the orthogonal
projection onto that subspace, one often speaks about an orthogonal projection,
which is the orthogonal projection onto its image. It is straightforward to check
that if an orthogonal projection is nonzero then it has norm 1, and that an
orthogonal projection is a positive operator.

The following theorem is an explicit version of Theorem 1 for orthogonal
projections.

Theorem 9. Let {e1,...,e,} be orthonormal in H and let M = \/}._,{e;}. I
P is the orthogonal projection onto M, then

n

P=> e ®ep, Ph =Y (hex)er, heH.
k=1

Proof. As M is finite dimensional it is closed, and hence H = M @& M*. Let
h = hy + hy, hy € M,hy € M*; as P is the orthogonal projection onto M, we
have Ph = h;.

Let Qh = Y p_,(h,ex)ex. We have to show that Qh = Ph. For each
1 < j < n, using that (e, e;) = i ; we get

(Qh, e;) Z h,ex) (e, e;) = (h,e;).
k=1

Hence, if 1 < j < n then (h — Qh,e;) = 0. As {e;} are an orthonormal basis
for M, this implies that h — Qh L M, and so h — Qh € M*. That is,

hi 4+ hy — Qh € M+,

and as hy € M~ it follows that hy — Qh € M*. But hy — Qh € M (hy € M by
definition, and Qh is a sum of elements in M), so hy — Qh = 0. As Ph = hy,
this means that Ph = Qh, completing the proof. O

We say that a Banach space X has the approzimation property if for each
A € HBy(X) there is a sequence A,, € Boo(X) such that A, — A. A result of Per
Enflo shows that there are Banach spaces that do not have the approximation
property. However, in the following theorem we show that every Hilbert space
has the approximation property.

Theorem 10. If H is a Hilbert space and A € By(H), then there is a sequence
Ay € PBoo(H) such that A, — A.

Proof. By Theorem 8, V = A(H) is separable. V is a closed subspace of the
Hilbert space H, so is itself a Hilbert space. If V has finite dimension then A
is itself finite rank. Otherwise, let {e, : n > 1} be an orthonormal basis for
V, and let P, be the orthogonal projection onto \/?:l{ej}. P, € PBoo(H), and
define A,, = P, A € %OO(H)-



In any Hilbert space, if v, is an orthonormal basis then idg = Za Vo @ Vg,
where the series converges in the strong operator topology (see §5). Thus, for
any h € V we have

(oo}

Ah = Z<Ah’7 €k>eka

k=1

where the series converges in H. By Theorem 9,

Aph = P,Ah = "(Ah,ep)ey,

k=1

and therefore ||A,h— Ah|| — 0 as n — oo. What we have shown is that A,, — A
in the strong operator topology.

Let B be the closed unit ball in H. Because A is a compact operator, by
the Heine-Borel theorem A(B) is totally bounded: If € > 0, then there is some
m and hq,...,h,, € H such that

A(B) C 6 B.(Ah;).
j=1

If h € B, there is some 1 < j < m with Ah € Bc(Ah;), i.e. |Ah — Ahj|| <e. If
n > 1, then, as || P,]| <1,

[Ah — Aphl < [|[Ah — Ahg[| + [[Ah; — Aphj|| + | Anhy — Anh||
= ||Ah — ARj| + |Ahj — Anhj| + || Pa(Ahj — Ah)

2||Ah — Ahg[| + ||Ah; — Aphy||

26 + ||Ahj — Anh]”

<
<

As A, — A in the strong operator topology, for each 1 < j < m there is some
N(j) such that if n > N(j) then ||Ah; — A, k|| < € and so, if n > N(j),

|Ah — Aph| < 3e.

Let N = maxi<j<m N(j), whence for all h € B, if n > N then

|AR — A k|| < 3e.
But
JA = Al = sup (A~ A
llr]I<1
so if n > N then
|A— A, < 3e,
showing that A, — A. O



5 Diagonalizable operators

If & is an orthonormal set in a Hilbert space H, which we do not demand be
separable, then & is an orthonormal basis for H if and only if for every h € H
we have h = Y .. (h,e)e.” In other words, if & is an orthonormal set in H,
then & is an orthonormal basis for H if and only if

idH:ZG(g)e,

ecé

where the series converges in the strong operator topology.

We say that a linear map A : H — H is diagonalizable if there is an or-
thonormal basis of H each element of which is an eigenvector of A. If A is a
bounded linear operator on H, A is diagonalizable if and only if there is an
orthonormal basis e;,7 € I, of H and \; € C such that the series

Z Aie; @ e;
el

converges to A in the strong operator topology. One checks that the series
Y icr Ai€i ® e; converges to A* in the strong operator topology.
If A e $B(H) is diagonalizable with eigenvalues {\; : ¢ € I}, it is a fact that

[ A[l = sup [Aq. (1)
i€l

Theorem 11. Let H be a Hilbert space with orthonormal basis {e; : i € I}, let
i € C, and define a linear map A : spanfe; : i € I} — span{e; : i € I} by
Ae; = N\ie;. If supcr |Ai| < oo, then A extends to a unique element of Z(H).

Proof. Let M = sup,c; |\i| < co. If J is a finite subset of I and z = ), ; a;e;,
then, as the e; are orthonormal,

[Az|> = 11> asdei® = 1> ahiei|” =D lasies]|* < M> Y fas]*.

= = icJ icJ
But
21> = 11D el =D llsesl* =Y el
icJ icd icJ
So
[ Az]] < Ml].

Tt follows that A is a bounded operator on span{e; : ¢ € I}, which is dense in H.
Then there is a unique element of Z(H) whose restriction to span{e; : ¢ € I'} is
equal to A, and we denote this element of Z(H) by A. O

In Theorem 8 we proved that the image of a compact operator is separable.
Hence if a compact operator is diagonalizable then it has only countably many
nonzero eigenvalues.

7John B. Conway, A Course in Functional Analysis, second ed., p. 16, Theorem 4.13.



Theorem 12. If H is a separable Hilbert space with orthonormal basis e,,n >
1, and if A: H — H is linear and Ae, = \pey, for all n, then A € Bo(H) if
and only if A, — 0 as n — oo.

Proof. Suppose that A is compact. Then A* is compact, and as A is diago-
nalizable so is A*. The proof of Theorem 10 wasn’t generally useful enough
to be worth putting into a lemma, but to understand the following it will be
necessary to read that proof. Let Ay(,) be the nonzero eigenvalues of A, and
let pin = Aa(n), fn = €a(n)- Check that f,,n > 1 is an orthonormal basis for
A*(H), P, be the projection onto \/?zl{fj}. Then using the argument in the
proof of Theorem 10 we get P, A* — A*; this completes our trip back to that
proof. Let A, = A— AP,. As |P,A* — A*|| - 0 as n — o0,

[Anll = [[(A=AP,)"|
= |47 - PAY|
= [[A" - PAY
— 0.

If1<j<mnthen A,f; = Af; —Af; =0,and if j > nthen A, f; = Af; = p; f;.
Hence A, is a diagonalizable operator, and by (1) we get [|A,|| = sup;~.,, ;-
Together with ||A,|| — 0 as n — oo, this means that limsup,,_, . |pn| = 0. As
{in are precisely the nonzero A, we obtain from this that lim, . |An| = 0.

On the other hand, suppose that A, — 0 as n — oco. Because A\,, — 0, the
absolute values of the eigenvalues of A are bounded and hence A € Z(H). Let
P, be the projection onto \/?Zl{ej}. If 1 <j < nthen AP,e; = Ae; = Ajej,
and if j > n then AP,e; = 0. Therefore AP, € Boo(H). For A, = A— AP,,
we have ||A,|| = sup;..,, |\;], from which it follows that

lim || A, = 0.
n— o0

Hence AP, — A, and as AP, are bounded finite rank operators, A is a compact
operator. O

If A € %(H) is diagonalizable, say Ae; = M\e;, i € I, then A*e; = Ny,
1 €1, and for j € I,

AA*ej = AZTKBJ‘, €i>ei =A (Tj@j) = Tj)\j@j = |/\j|2€j.
el

Likewise we get A*Ae; = |\;|%ej, so AA* = A*A, that is, a bounded diagonal-
izable operator is normal. The following theorem states an implication in the
other direction.® This is an instance of the spectral theorem.

Theorem 13. If H is a Hilbert space over C and T is a normal compact operator
on H, then T is diagonalizable.

8Gert K. Pedersen, Analysis Now, revised printing, p. 108, Theorem 3.3.8.



6 Polar decomposition

It is a fact that A € #(H) is self-adjoint if and only if (Az,z) € Rforall z € H.
A € B(H) is said to be positive if A is self-adjoint and (Az,z) > 0 for all z € H.
It is a fact that if A € Z(H) is positive then there is a unique positive element of
B(H), call it A/, such that (A'/2)? = A; namely, a bounded positive operator
has a unique positive square root in Z(H).? It is straightforward to check that if
A € Z(H) then A* A is positive, and hence has a square root (A*A)Y/2 € B(H),
which we denote by |A|. |A| satisfies ||Ax| = |||A|z]| for all x € H.

An isometry from one Hilbert space to another is a linear map A : Hy — Hs
such that if x € Hy then ||Az| = ||z||. If A: H — H is linear and the restriction
of A to (ker A)* is an isometry, then we say that A is a partial isometry. One
checks that a partial isometry is an element of Z(H), if it is not the zero map
then it has norm 1, and that its image is closed. We call (ker A)* the initial
space of A, and A(H) the final space of A. We can prove that if A is a partial
isometry then A* is a partial isometry whose initial space is the final space of
A and whose final space is the initial space of A. For example, an orthogonal
projection is a partial isometry whose initial space is the image of the orthogonal
projection and whose final space is equal to its initial space.

It is a fact that if A € %(H) then there is a partial isometry U with ker U =
ker A satisfying A = U|A|, and that if V' is a partial isometry with kerV =
ker A that satisfies A = V|A|, then V = U.1® A = U|A] is called the polar
decomposition of A. The polar decomposition satisfies

U'UIA|=|A|, U*A=|A|, UU*A=A, A" =|A|lU*, |A*|=UJA|U".
(2)
We will use these formulas repeatedly when we are working with trace class
operators, and we have numbered the above equation to refer to it and also to
draw the eye to it.
If I is an ideal of #B(H) and A € I then |A| = U*A € I. In particular, if
Ae e@Oo(ft[) then ‘A| € %OO(H) and if A € c93()(1?) then |A| S %O(H)

7 Hilbert-Schmidt operators

Let H be a Hilbert space, and {e; : i € I} an orthonormal basis of H. We say
that A € #(H) is a Hilbert-Schmidt operator if

Z | Ae;||? < oo.

iel

The following theorem shows that if A € Z(H) is a Hilbert-Schmidt operator
using one basis it will also be one using any other basis, that if A is not a Hilbert-
Schmidt operator using one basis it will not be one using any other basis, and
that A is Hilbert-Schmidt if and only if its adjoint A* is Hilbert-Schmidt.

9Gert K. Pedersen, Analysis Now, revised printing, p. 92, Proposition 3.2.11.
10Gert K. Pedersen, Analysis Now, revised printing, p. 96, Theorem 3.2.17.
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Theorem 14. Let H be a Hilbert space. If {eq : o € I} and {fo : o € J} are
orthonormal bases for H and A € $B(H), then

Z ”AeaH2 = Z ||A*fa||2 = Z ||Afa||2

acl acJ acJ

Proof. For each g € J, using Parseval’s identity we have

Afg = (Afs, fa)far  IIAS817 =D [(Afs, o)l

acJ acJ

Using this we get

> IIAfs| S Atz fo)l?

peJ BeJ aed

= > [Afs, fa)l?

acJ ped

= :E: }E:|<f5wA*f@>P

acJ ped

= > D Ao fo)

acJ ped

= > A fal?.

acJ
For each 8 € I, Parseval’s identity gives us
[Aes|® = [(Aeg, fa)l?,
acJ
and using this we obtain

doldesl® = D0 (e, fa)l?

Bel Bel ae]

= Z Z |<Aeﬂafa>|2

acJ Bel

= > D les ATfa)l’

acJ Bel

= S A )

aclJ el

AR

acJ

11



Let %B5(H) be the set of Hilbert-Schmidt operators in B(H). If {e; : i € I}
is an orthonormal basis for H and A € Z(H ), we define

1/2
[All2 = <Z IIAez'IIQ) -

icl

To say that A € %Bo(H) is to say that A € #B(H) and ||A||2 < oo. Using the
triangle inequality in ¢2(I), one checks that %»(H) is a vector space and that
| - ||2 is a norm on %Bo(H), which we call the Hilbert-Schmidt norm.

Because |||A|z|| = ||Az| for all z € H, A is Hilbert-Schmidt if and only if
|A] is Hilbert-Schmidt, and ||Alj2 = |||A]||2- From Theorem 14 we obtain that if
A€ %By(H) then A* € B>(H), and || A2 = [|A*||2-

Theorem 15. By(H) is a two sided x-ideal in the C*-algebra B(H), and if
Ae PBy(H) and T € B(H) then

[AT |l < |All2 - TN, (1T All2 < T - [|All2-

Proof. Let & be an orthonormal basis for H. If A € %B2(H) and T € A(H),
then
ITAR = ST Ael? < 37 (TN Aell)” = I T2 AI < .
eces ecs

On the other hand, using the above and the fact that if A is Hilbert-Schmidt
then A* is Hilbert-Schmidt,

IAT3 = I(AT)* (I3 = [T A* |13 = | T*[1*| A*]|3 < oc.
O

The following theorem shows that the operator norm is dominated by the
Hilbert-Schmidt norm, and therefore that the topology on the normed space
Po(H) with the Hilbert-Schmidt norm is finer than the subspace topology it
inherits from %(H) (i.e. its topology as a normed space with the operator
norm).

Theorem 16. If A € B(H) then ||A]| < ||A]2.
Proof. Let € > 0. We have

Al = sup [Av]l

llvll=

Take v € H, |lv|]| = 1, with |[Av||> + € > ||A|>. There is an orthonormal basis
{€n : a € I} for H that includes v; one proves this using Zorn’s lemma. Then

1AI? < e+ [[Av]? < e+ | Av]® + Y [[Aeal® = e+ D [[Aeal® = e+ || A3
eqFU acl

As this is true for all € > 0, it follows that || Al < ||A]2- O
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The following theorem states that every bounded finite rank operator is a
bounded Hilbert-Schmidt operator, and that every bounded Hilbert-Schmidt
operator is the limit in the Hilbert-Schmidt norm of a sequence of bounded
finite rank operators.

Theorem 17. Byo(H) is a dense subset of the normed space $B2(H) with the
Hilbert-Schmidt norm.

Proof. If A € Poo(H), then there is an orthonormal basis {e; : ¢ € I'} for H and
a finite subset J of I such that if ¢ € I\ J then Ae; = 0. From this it follows
that ||All2 < oo, and thus A € B5(H), so Boo(H) is a subset of Bo(H).

Let {e; : ¢ € I} be an orthonormal basis for H, let A € %B2(H), and let
€>0. As Y., || Ae;]|? < oo, there is some finite subset J of I such that

3 Ae? < e

iel\J

iel |

Let P be the orthogonal projection onto span{e; : i € J} (which is finite dimen-
sional and hence closed), and define B € Byo(H) by B = AP. We have

lA=BI3= D l4e® <e,

ieI\J
showing that By (H) is dense in B2 (H). O

If A € $5(H), then by the above theorem there is a sequence of bounded
finite rank operators A,, such that ||4,, — Al — 0 as n — co. But by Theorem
16, ||A,, — A|| < ||Ay, — A]2, and by Theorem 6, a limit of bounded finite rank
operators is a compact operator, so A is compact. Thus, a bounded Hilbert-
Schmidt operator is a compact operator.

We are going to define an inner product on %2(H) and we will show that
with this inner product %9(H) is a Hilbert space. However the cleanest way I
know to do this is by defining the trace of an operator. Moreover, we care just
as much about trace class operators as we do Hilbert-Schmidt operators.

13



8 'Trace class operators

If {eq : @ € I} and {f, : @« € J} are orthonormal bases for H and A € B(H),
then using Theorem 14 we have

Z<‘A|em a) = Z<\A|1/2ea, |A|1/26a>

acl acl

= DA e

acl

= > llAMfal?

acJ

= S (A2 A2 1)

acJ

= Z<|A|fa,fa>

acJ

If {e; : i € I} is an orthonormal basis for H, we say that A € Z(H) is trace

class if
Z(\A|ei,ei> < 0.
iel
We denote the set of trace class operators in #(H) by %,(H). For A € #(H),

define
JAll = S Ales, ).
icl
To say that A € %, (H) is to say that A € (H) and that || A, < co. As |A['/?
is self-adjoint, it is apparent that ||A|; = |||]A|'/?||3. We will prove that %, (H)
is a vector space and that || - ||; is a norm on this vector space, but this takes a
surprising amount of work and we will not do this yet.

The following theorem gives different characterizations of bounded trace
class operators.!? This theorem shows in particular that if A € %;(H) then A
is the product of two bounded Hilbert-Schmidt operators, and thus, as % (H)
is an ideal in #(H), that A € B2(H). In particular, as a consequence Theorem
16, every bounded Hilbert-Schmidt operator is compact, so every bounded trace
class operator is compact.

Theorem 18. If A € B(H), then the following are equivalent.
A€ B, (H)
|A|Y? € By(H).

A is the product of two elements of PBa(H).

|A] is the product of two elements of Bo(H).

11John B. Conway, A Course in Operator Theory, p. 88, Proposition 18.8.
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Proof. Let e;,i € I be an orthonormal basis for H. Suppose that A € %, (H).
We have

AP =D AN el = Y (A1 e, |A]Y 2ei) = D (|Alei, e5) = || Al
iel iel iel
so |A|'/2 € By (H).

Suppose that [A|'/2 € By(H). A = U|A| = (U|A|Y/?)|A|Y/2. As %a(H) is
an ideal, we get U|A|'/? € %y(H), hence A is the product of two elements of
Py (H).

Suppose that A = BC, with B,C € %3(H). Let A = U|A| be the polar
decomposition of A. By (2), the polar decomposition satisfies U*U|A| = |A|.
But U|A| = BC implies that U*U|A| = U*BC, hence |A| = U*BC = (U*B)C.
As Py(H) is an ideal, we have U*B € %5(H), so we have written |A| as a
product of two elements of %5 (H).

Suppose that |A| = BC, with B,C € %5(H); so B* € %$3(H) too. We have,
using the Cauchy-Schwarz inequality first in H and next in £2(I),

1Al = D (4les,e)

il
= Z<Bcezvel>
i€l
= Z(Cei,B*ei>
i€l
< Y lCei|Brell
i€l
1/2 1/2
< (Sieer) (Simer)
iel iel
= [ICll2[[B*|]2
< 00.
Hence A € %,(H), completing the proof. O

The following theorem shows that if A € %;(H) then sums similar to || Al
are also finite, and that the series ) _,(Ae, e) does not depend on the orthonor-
mal basis &.12

Theorem 19. If A € %1(H) and & is an orthonormal basis for H, then
> [{Ae,€)| < o0,
eces

and if F is an orthonormal basis for H then

D (Ae.e) = (AL f).

eEes feF

12John B. Conway, A Course in Operator Theory, p. 88, Proposition 18.9.
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Proof. By Theorem 18, there are B,C € %2(H) such that A=C*B. If A\ e C
and e € & then
I(B =AC)el* = {(B=AC)e, (B~ AC)e)
= (Be, Be) — (Be,A\Ce) — (A\Ce, Be) + (A\Ce, \Ce)
= || Bel® = (Be,\Ce) — (Be,ACe) + |A*||Ce|®
= ||Be||? = 2Re (Be, A\Ce) + |A[?||Cel?.
As ||[(B = XC)e|* > 0,
2Re (Be, A\Ce) < || Bel||® + |M?||Cel|?,
S0 B
2Re (X\(Be, Ce)) < ||Be||* + [A]?||Ce]*.
This is true for any A € C and e € &. Take |A\| = 1, depending on e, such that

ABe, Ce) = |(Be, Ce)|,
which gives
2Re|(Be, Ce)| < || Be|* + || Cel,
ie.,
[(Be,Ce)l < 5 (IBell> + | Cel?)

Since this inequality doesn’t involve A, the fact that we chose A depending on e
doesn’t matter, and the above inequality holds for any e € &. Therefore

. 1 1
D l{Ae el = [{C*Bese)| = Y _ |(Be, Ce)| < S|IB|3 + 5[ICI3 < oo,

e€é ecé& ecé

which is the first statement we wanted to prove and which was necessary to
prove even to make sense of the second statement.
Because ) .. [(Ae, e)| < oo, the series ) . -(Ae, e) converges. We have to
show that its value does not depend on the orthonormal basis &. If e € &, then
I(B+Cell? = (B~ C)el* = |Bel” + (Be, Ce) + (Ce, Be) + || Ce|)?
— (HB@H2 — (Be,Ce) — (Ce, Be) + ||CeH2)
= 2(Be,Ce) + 2(Ce, Be)
= 4Re(Be,Ce),

which gives us

Z Re (Ae,e) = Z Re (Be, Ce)

e€es e€el

= I IB Ol ~ (B = Chel?

ecé

1 1
= JIB+CIE- 1B -CI}.

16



Applying this to 1A = iC* B gives us, as (iC*)* = —iC,

1 1
S Relide,e) = 1B —iC — 1B +iCJ3.
ecé

But Re (iAe,e) = Re (i(Ae,e)) = —Im (Ae, e), as Re (i(a + ib)) = Re (ia — b) =
—b. Therefore

1 ) 1 .
S ~Tn (de,e) = 41|B = iCll3 - 4| B +iCl}3,

ec&
i.e. 1 1
> Im(Ae,e) = 1B+ iC||3 — 1B - iC||3.
ec&
Thus
1 5 1 9 1 ISP 2
> (Aeje) = 7IB+Clz = 1B =Clz + 1B +iClz = 7 [|1B —iCl3,
ec&

and the right-hand side does not depend on the orthonormal basis &, completing
the proof. O

If Ae %:(H) and & is an orthonormal basis for H, we define the trace of

A, written tr A, to be
trA= Z(Ae,e).
ecé

It is apparent that tr : $1(H) — C is a positive linear functional: tr is a linear
functional %, (H) — C, and if A € %,(H) is a positive operator, then tr A is
real and > 0. If A € %,(H) is a positive operator then it is diagonalizable
(being a bounded trace class operator implies that it is compact): there is an
orthonormal basis {e; : i € I'} for H such that

A = Z<A61‘, €i>€i 29 €;,
il
where the series converges in the strong operator topology. Since A is positive,
(Ae;, e;) is a real nonnegative number for each ¢ € I. tr A = 0 means that

> (Aei e;) =0,

icl
and as this is a series of nonnegative terms they must all be 0. Putting these
into the expression for A gives us A = 0, showing that tr : #;(H) — C is a
positive definite linear functional. We haven’t yet proved that tr is a bounded
linear functional. This follows from Theorem 23, which we prove later in this
section.

In the following we show that the set of bounded trace class operators is a

normed vector space with norm || - [|;, which we call the trace norm.'3

13 John B. Conway, A Course in Operator Theory, p. 89, Theorem 18.11 (a).
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Theorem 20. %,(H) is a normed vector space with the norm || - ||1.

Proof. Let A, B € %:1(H), and let their polar decompositions be A = U|A|, B =
V|B|, and A+ B = W|A+ B|. As bounded trace class operators are compact
and as the compact operators are a vector space, A + B is a compact operator.
We have already stated that if T is compact then |T'| is compact, which follows
from the polar decomposition of T" and the fact that the compact operators are
an ideal. Thus |A + B] is a compact operator. |A + B| is a positive operator,
so by the spectral theorem for normal compact operators that we stated as
Theorem 13, |A + B| is diagonalizable: there is a countable subset {e,, : n > 1}
of an orthonormal basis & for H, and \,, € C, such that |A + Ble, = \,e, and
|A+ Ble =0 if e € & is not a member of this countable subset. As |[A+ B| is a
positive operator, the eigenvalues A,, are real and nonnegative. We have, in the
strong operator topology,

[A+Bl=) Aien @ e
n=1

First, as |A 4+ B| = W*(A + B) and using the Cauchy-Schwarz inequality in

H,
A+ Bl = Z(\A—i—B\e,e)
ecé
= Z<|A+B|en,en>
n>1
= D ((A+ B)en, Wey)
n>1
= Y (UlAlen, Wen) + (V|Blen, Wey)
n>1
= > (Alen, U Wey) + (|Blen, V:We,)
n>1
= > (A" ?en, |AIVPU Wen) + (B ?en, | B2V Wey,)
n>1
< O CMAM2enll - IJAM2U* Wen|| + | BV enl - || BIY2V*Wen|l.
n>1

18



Applying the Cauchy-Schwarz inequality in ¢2 to this gives

1/2 1/2
< (DDA 2e)? ST AU We, |2
n>1 n>1
1/2 1/2
+{ DB en? ST B2V We, |2
n>1 n>1
1/2 1/2
< <Z|||A|1/2e|2> <Z|||A|1/2U*We|2>
ecé ecé
1/2 1/2
+<Z||B“2e||2> <Z||B|1/2V*We||2> |
ees eEE

So we have
IA+ Blly < |JAIY2]l2 - [IJA]"2U*W |lo + I|B]*?[|2 - ||BI* 2V W ||z

By Theorem 18, |A|'/2,|B|*/? € %,(H), and then using the inequality in The-
orem 15 gives us

A 2T Wiz < A2 ]2 - [T - (1W< 1Az,

where we used the fact that U* and W are partial isometries and hence either
have norm 1 or 0, depending on whether they are the zero map. Likewise,

I|BI'2V*W |y < [[| B2l
Therefore we have obtained
IA+ Blly < IIAM215 + I1BI*2115 = | Al + | Bllx-

so A+ B € % (H), and | - |1 satisfies the triangle inequality.

If A€ B(H) and o € C then |aA|'/? = |a|'/?|A]*/2, and from this it follows
that if A € %1(H) and « € C then ||aAl: = |a|||Al1 and so A € B1(H).
Therefore %, (H) is a vector space.

If ||Aljs = 0, then tr|A| = 0. We have shown that tr is a positive definite
linear functional: hence |A| = 0, and so A = 0. This completes the proof that
Il - 1|1 is @ norm on % (H). O

We have shown that %) (H) with the trace norm || -||; is a normed space. In
the following theorem we show that a bounded finite rank operator is a bounded
trace class operator, and that Zyo(H) is a dense subset of %, (H).

Theorem 21. By(H) is a dense subset of the normed space $B1(H) with the
trace norm.
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Proof. If A € Poo(H), then there is an orthonormal basis {e; : i € I} for H
and a finite subset J of I such that such that if ¢ € I\ J then Ae; = 0, and so
|Ale; = 0. This gives ||All1 < oo, s0 A € %1 (H).

Let {e; : i € I} be an orthonormal basis for H. We’ve shown that the
bounded finite rank operators are contained in the bounded trace class opera-
tors, and now we have to show that if A € #;(H) and € > 0 then there is some
B € Boo(H) satisfying [|[A — B||1 <e. As >,/ (|Alei, es) < 0o, there is a finite
subset J of I such that

Z (|Ales, ei) < e.

ieI\J

Let P be the orthogonal projection onto span{e; : ¢ € J}, and define B €
Boo(H) by B = AP, which gives us

|A= Bl =) (JA=Blej,e;) = Y (|Alei,e;) <.

i€l i€I\J
O

Taking an adjoint of an operator on a Hilbert space and taking the complex
conjugate of a complex number ought to be interchangeable where it makes
sense. We show in the following theorem that the adjoint of an element of
%1 (H) is also an element of %;(H) and that the trace of the adjoint is the
complex conjugate of the trace.

Theorem 22. If A € #,(H) then A* € %,(H) and

tr A =tr A.

Proof. As A € %,(H), by Theorem 18 there are B,C € %B5(H) such that
A = C*B. Then A* = B*C is a product of two bounded Hilbert-Schmidt
operators, and so by the same theorem is itself an element of %;(H).

We're going to extract something from our proof of Theorem 19, which
showed that the trace of an operator does not depend on the orthonormal basis
that we use: We proved that, with A = C*B,

1 1 1 ) 1 .
tr(4) = 1B+ CI - {18 = CIE + SI1B +iCl3 - 1B — i3,

Applying this to the adjoint A* = B*C, and as i(C +iB) = iC — B,

. 1 1 i : i .
wA® = ZIC+BI3— £IC - BIE + £IC +iBI - {IB —iCl3

1 1 1. 1.
= JIB+CIE - 1B - Cl3+ liC - BI§ - 1B+ CI3
= trd.
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It is familiar to us that if A and B are matrices then tr (AB) = tr (BA).
In the next theorem we show that this is true for bounded linear operators
providing one of the two is a bounded trace class operator.'* The first thing
we prove in this theorem is that % (H) is an ideal of the algebra #(H), so
that it makes sense to talk about the trace of a product of two bounded linear
operators only one of which is a bounded trace class operator. The theorem also
shows that tr : $;(H) — C, which we have already shown is a positive definite
linear functional, is bounded.

Theorem 23. If A € $1(H) and T € B(H), then AT, TA € %,(H), and
tr (AT) = tr (T'A), and |tr (TA)| < ||IT|IIA|l1-

Proof. A is the product of two bounded Hilbert-Schmidt operators, say A =
C*B (we write it this way because this will be handy later in the proof). Hence
AT = C*(BT). As #2(H) is an ideal of #B(H ), we have BT € %2(H), showing
that AT is a product of two bounded Hilbert-Schmidt operators, which implies
that AT € %, (H). Similarly, TA € %,(H). We use from the proof of Theorem
19 the following: (we wrote A = C*B to match the way we wrote A in that
theorem)

i 1 1 i , i .
tr(C"B) = 1B+ CI§ - ;1B — I3+ {1B +iCl3 - 2B —iCl3.

Applying this to CB*, and using that the norm of the adjoint of an operator is
equal to the norm of the operator itself and that (iC*)* = —iC,

w(CB) = 1B +C3— 1B = C B+ {IB +iC* 3~ £I|B" —iC"|3
1 1 i . { .
= {IB+CI3= 1B - CI3+11B —iC|3 - {1B +iC|3
= tr(C*B).
Using this we obtain

tr (TA) = tr

which we wanted to show.
We still have to prove that [tr (T'A)| < ||T||||Al]1- Let A = U|A| be the polar
decomposition of A, and let & be an orthonormal basis for H. By Theorem 18,

14John B. Conway, A Course in Operator Theory, p. 89, Theorem 18.11 (e).
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|A|'/? € By(H). (We mention this to justify talking about the Hilbert-Schmidt
norm of |A|'/2.) We have, using the Cauchy-Schwarz inequality in H and in ¢2,

|tr (T'A)| > (TU|Ale, )

ecé

D (A e, |Al U T e)

ecéf
< Y IA[M e, |AMRURT )|

ecé
< > O NAPZe| - |AMPUT e

eEE

1/2 1/2

< (Z |||A|1/2€2> (Z |||A|1/2U*T*€I2>

ecé ec&

= A2l - IJAV2UT7 2.
By Theorem 15, and as U* is a partial isometry,
LA 2UT |l < A2 [l - 10 - IT*1) < AP )2 - 177
Therefore
jtr (TA)] < JA2(15 - 1T = IIAP205 - 170 = 1Al - 1T,
completing the proof. O

In Theorem 22 we proved that the adjoint of a bounded trace class operator
is itself trace class, and we now prove that they have the same trace norm.

Theorem 24. If A € #,(H) then

A% = 1Al

Proof. The polar decomposition A = U|A| satisfies |A*| = U|A|U* and U*U|A4| =
|A], as we stated in (2). We have, using this and Theorem 23,

[A%[[ = tr |4 = tr (U]ADU") = tr (U*(U]A])) = tr [A] = |||

Theorem 25. If Ac #,(H) and T € B(H), then

[AT|y < [ Allx -1l T Al < IT°0- AL
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Proof. Let A have the polar decomposition A = U|A| and let T'A have the polar
decomposition TA = W|T A|. We have, from (2),

|TA|=W*(TA) =W*TU|A|.
It follows from Theorem 23 that, putting S = W*TU,
[T Al = tr (|TA[) = tr (S|A]) < [|S]] - [|Al]1-

As W* and U are partial isometries, ||S|| < ||T']|, thus

ITA[lx < ([T - [| A2 ®3)

On the other hand, Theorem 24 tells us

[AT|y = [[T* A%

As A* € %, (H), by (3) we get
[T Ay < T - [[A* 1 = [IT]] - 1Al

using Theorem 24 again. O

In Theorem 16 we proved that if A € %y(H) then ||A|| < ||Al2. Now
we prove that the trace norm also dominates the operator norm, so that the
topology on the normed space %;(H) with the trace norm is finer than its
topology as a subspace of Z(H).

Theorem 26. If A € $,(H), then

AL < [[Allx

Proof. Let A have polar decomposition A = U|A|. As |A| is a compact positive,
it is diagonalizable: there is an orthonormal basis {e; : 4 € I'} for H and A; € C
such that |Ale; = A;e;. On the one hand, the operator norm of a diagonalizable
operator is the supremum of the absolute values of its eigenvalues, as we stated
in (1). On the other hand,

Al =D~ Il

iel
Certainly then ||| Al]] < |||A]||;. But
A< ION - A< TAIF < [1A[l = 1Al

which is what we wanted to prove. O
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We have already shown that the trace class operators with the trace norm
are a normed space. We now prove that they are a Banach space. We do this
by showing that there is an isometric isomorphism p : %;(H) — %Bo(H)*.1®
The latter space is a Banach space, so if A,, € %;(H) is a Cauchy sequence, its
image p(A,) is a Cauchy sequence in %y(H)* and hence has a limit, call it B.
Since p is surjective, there is some A € %, (H) such that p(A) = B, and one
checks that A,, — A.

For A € $,(H) and C € By(H), define

D4 (C) =tr (CA).
Theorem 27. The map p: %1(H) = Bo(H)* defined by
p(A) = Dy, Ae % (H),
18 an tsometric isomorphism.

Proof. Let A € %,(H). Tt is apparent that ®4 : Zy(H) — C is a linear map.
Using Theorem 23, its operator norm is

[@all = sup |@4(C)] = sup [tr(CA)| < sup [|C[[[Allx = [[Al,
i<t lel<1 lel<1

where the supremum is taken over compact operators. Hence ®4 € %By(H)*
(if H = {0} then the final equality is <). We have ||®4] < ||Al]1, so to show
that p is an isometric isomorphism, we have to show that if A € %,(H) then
|[®4ll > ||All1, and that p is surjective (as being injective is implied by being an
isometry).

Let ® € $y(H)*. For g,h € H, define

B(ga h) :(I)(g®h)a B(g7h)v:g®h(v) = <'Uah>g'

It is apparent from this that B is a sesquilinear form on H. A sesquilinear form
B is said to be bounded if M = supyy =1 |B(g, )| < oc. For |g|| = [|h] =1,

[B(g, h)| = [@(g @ h)| < [|®][llg @ [l < [[[|{lglliA]] = {12]]-

Thus B is a bounded sesquilinear form on H, and we can therefore apply the
Riesz representation theorem,'® which states that there is a unique T' € %(H)
such that

B(g,h) ={9,Th),  g,h€H,

and that this T satisfies ||T'|| = M.
Let A=T%, let A= U|A| be the polar decomposition of A, and let & be an
orthonormal basis for H. If & is a finite subset of &, define

Cs, = (Z e®e> U* = Ze@Ue.

e€&y e€dy

15John B. Conway, A Course in Operator Theory, p. 93, Theorem 19.1.
16Walter Rudin, Functional Analysis, second ed., p. 310, Theorem 12.8.
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It is apparent that Cg, € PBoo(H), and one checks that ||Cg,| < 1. We have

Then

This is true for any finite subset &y

and thus A € % (H
Let C € PBoo(H). Then there are some g, ...

(cf. Theorem 1)

We have

S (lAle, )

e€dy

= |3 (ke o)

e€&y

= Z (U* Ae, e)

e€&y

= Z (e,TUe)

ec€&y

= Z B(e,Ue)

e€éy

= Z(I)(6®Ue)

e€&y
= |2(Cq)l-

> (lAle,e) < @l Cs, |l < lI®].

e€&y

of &, and it follows that

Al < (2],

C =

ng@)hk.

k=1

z”: O (gr @ hy)
zn:B(gk, hi)

i<Agka hk>

7gna h‘l?"

(4)

., hy € H such that



Since the bounded linear functionals ® and ® 4 agree on By (H ), a dense subset
of %, (H) with the trace norm, they are equal. Therefore, p is surjective. More-
over, we showed in (4) that ||A]|1 < ||®|, so [|®a|l > || 4|1, so p is an isometry,
which completes the proof. O

We have shown that the % (H) is the dual of %y (H). It can further be shown
that #(H) is the dual of %,(H). For T € #(H) we define ¥ : #,(H) - C
by ¥r(A) = tr(TA), A € %,(H). Then the map T' — ¥p is an isometric
isomorphism %(H) — %, (H)*.}7

9 The Hilbert-Schmidt inner product
If A,B € %5(H), we define
(A, B) = tr (B*A),

which makes sense because, by Theorem 18, AB € %,(H). Astr : #,(H) — C
is a positive definite linear functional, we get that (-,-) : Z5(H) x B2(H) — C
is an inner product. We call this the Hilbert-Schmidt inner product. Check
that (A, A) = ||A||3. It is a fact that %B5(H) is a complete metric space with
the Hilbert-Schmidt norm,'® and hence %, (H) with the Hilbert-Schmidt inner
product is a Hilbert space.

Theorem 28. %5 (H) with the Hilbert-Schmidt inner product is o Hilbert space.

17 John B. Conway, A Course in Operator Theory, p. 94, Theorem 19.2.
18Gert K. Pedersen, Analysis Now, revised printing, p. 119, Theorem 3.4.9.
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