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Borwein and Lockhart [1].

1 L? norm

Let T=R/Z, and for f : T — C let
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Let X1,Xs,...: (Q,%#,P) — (R, %r) be independent identically distributed
random variables with mean 0 and variance 1, and define
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By Plancherel’s theorem,
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Let Y; = X j2 — 1, which are independent and identically distributed. Then
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We have
E(Y;)=E(X;)—-1=0.

Write
0 =E(Y})=E(X} -2X; +1) = E(X;) - 2BE(X;)+ 1= E(X;) - 1,

and let )
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which has mean 0 and variance 1. Because Y7, Y3, ... are independent and iden-
tically distributed with mean 0 and variance o2, by the central limit theorem,
Zpn — 71 in distribution, where ;2 is the Gaussian measure on R with variance
2.

Theorem 1.
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E(llgnllz2) = vn - 8 n +0(n™),
where 0® = E(X}) —
Proof. Because
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Using the binomial series,
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we have
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We expand Z1: it is

ZY4+ZY3Yk+ZY2Yk+ SNV, + Y YGYY,

J#k J#k J#k#p J#k#p#q
Then, because E(Y;) = 0 and E(Y}) = 02, we get
E(ZH =0 *n?(nE(Y}) +n(n — 1)o?).

Now define
= E(Y}),
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E(ZH =0"*n?(nt +n(n—1)o*) =1+ 1 (l - 1) .

But B(|Z,*)"/* < B(1Za]*)"/*, 50
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Taking the expectation of (1), because E(Z,) =0 and E(Z2) =
102

é% + O(Tlil).

E(llgnll2) = v/n -



2 Berry-Esseen

Theorem 2. o
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i distribution.

Proof. Write

p = E(|Y;]%)
and
n—1
Sn = )/17
=0
and let
F,(z) = P(S, < on'/?x)
and

O(x) = P(Z < x).

The Berry-Esseen theorem [2, p. 262, Theorem 5.6.1] states that there is some
C, not depending on the random variables Y;, such that for all n and for all
x € R,
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Now,
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F,(z)=P|—% <z | =P(Z, <x).
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For A > 0,

P(|Zn| > A) = P(Zy > A) + P(Z, < —A) =1 — P(Z, < A) + P(Z, < —A).

P(1Z0] = A)=P(Z] = A) = P(Z < A)—P(Zy < A)+P(Zy <4)~P(Z < —A),
Then
|P(1Z,] > A)=P(|Z| > A)| < |®(A) = F(A)|+P(Zy, = A)+|Fn(—A) = (- A)],

so by the Berry-Esseen theorem,
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|P(120] = A) = P(1Z] = A)| < P(Zn = A) + 2175



Markov’s inequality tells us
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For € > 0 and for A = n!/%e!/2,
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Therefore nZ172 — 0 in probability and % — 0 in probability, and because
"f" — 27 in distribution, it follows that
o
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in distribution. O

3 L* norm

Theorem 3. A
E(|lgnll7+) = 2n* + n(E(X}) - 2).

Proof.
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Write e(6) = 2™,

g =Y X7e(2j0) + > X;Xre(j0 + ko).
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Then
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That is
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4 Gaussian random variables

Suppose that the distribution of each X is the standard Gaussian measure on
R, and write

n—1 n—1 n—1
Sno =Y X;e¥™% =" Xjcos2mjf +i»_ X;sin2mje, n>1, feT.
j= j=0 j=0



Then for each 6 € T, there are Zy and Wy, each random variables with the
standard Gaussian distribution, such that

Sno = (n/2)2Zy +i(n)2)"/*W,.
Now, |Zy + iWy| has density ¢ — te‘tz/Q, and then
E(|Z + iWy|?) = 2¢/2T (1 + g) :

Then
E(|Sn79

1= () g - ()
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