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Let n = 3, and take p < %. Some of the material we will present for general
n when it doesn’t simplify our work to use n = 3.
The (defocusing) nonlinear Schrédinger equation is

igr + Ao+ o[ p =0.

¢(x,0) = ¢ € H".
For a function 1 on R™, the orbit of the function under the symmetries of
NLS is .
Gy ={(-+x0)e"” : (x0,7) € R" x T}.

We say that v is orbitally stable if initial data being near it implies that the
solution of NLS is near it always.
We define

p(o(t),9y) = inf  o(- + w0, t)eT — ||

(z0,7)ER™XT
The ground state equation is
Au—u+ [uP~tu = 0.

The ground state equation comes from the solution ¢(z,t) = e®u(x) of NLS. It
is a fact that there is a positive bounded solution R of the ground state equation,
which we call a ground state.

Theorem 1. The ground state R is orbitally stable: for any € > 0 there is a
d(e) > 0 such that if

p(¢o,9r) < 6(€)

then for allt >0
p(¢(t)7gR) <e

We define the energy functional & by
2
_ 2 2 p+1
&[] /|V¢| + 19| P lp[P™ du,

so &[¢] is a function of time but not of space.



It is a fact that for each ¢ there are x¢ = xo(t) and v = (t) such that
l¢(- + 2o, t)e™ = Rl = p(4(t), Fr).

Let w = ¢(- + 30, )¢ — s s0 [w(®)llm = p(6(t), Fr).
Let A& = &[¢po] — &[R]. We have

A& = &t - €[R]
= &[p(- + z0,t)e"] — E[R]
— &R +uw] - €[R)].

We shall express &[R + w] as a Taylor expansion about R. We compute the
first variation as follows:

dERw = /vwﬁ+v1~zw+wﬁ+m—|R|p-1(wR+Rm)

2%)%/va3 +wR —w|RIP'R

2§R/w(—AR +R—|RPR)

= O7
where we used the fact that R is real valued, integration by parts, and the fact
that R is a solution of the ground state equation. So the first variation of & at

R is 0.
We now compute the second variation of &.

-1 -1
d*€[R|[w] = 2§R/ —wAW + |w|? — pTR”*lw2 - pTRp71|w|2
—RPHuw|?
-1 1
= 2§R/ —wWAD + |w|* - pTRp*lw2 - Z%Rp*1|w|2
Write w = u + iv. Then we have
d*&[R|[w] = 2/—uAu —vAv +u? +0v? — RP (pu? + %)
Define
Ly=-A+1-pRF' L. =-A+1-Rr

which gives
(Lyu,u)p2 = /quu +u? — pu?RP~!

and
(L_v,v)p2 = /—UAU + 0% —v?RPL



Thus
d*&[R][w] = 2(Lyu,u)p2 +2(L_v,v) 2.

And we assert that the remainder term of the Taylor series is O([ |w|?),
because R is bounded. Therefore

A& = (Lyu,u)p2 + (L_v,v)p2 + O(/ |w|3)

We can bound [ |w|® using the Gagliardo-Nirenberg inequality, which gives

us (for n = 3) va

lwlzs < CollVewll: wll 2" < Collwlig,
for some C that doesn’t depend on w. Therefore
A& = (Liu,u)p2 + (L_v,v) 2 + O(J|Jw]|3),

so there is some C such that

A8 > (Liu,u)p2 + (L_v,v) 2 — Cllw||3.



