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1 Laguerre polynomials

1.1 Definition and generating functions

LetD:%. For o« > —1 and n > 0 let
«a _ a:x_a n( —xr, nt+a
Li(x)=e — D™ (e™®z"TY),

called the Laguerre polynomials. Using the Leibniz rule for D™(f - g) yields

arn “T(n+a+1) (—x)*
Ln(””)_zr(k+a+1) Kl(n — k)"

k=0

The generating function for the Laguerre polynomials is!

oo
w(z,z) = (1 —z) " tem#2/(1=2) — ZLg(x)z”, |z] < 1.
n=0
Define
2,/
Wiar0.2) = (1) e om0 sy orag, () ey,
where
_ i« . _ - 1 2m—+«
la(z) = i7" Ja(iz) = mZ:o m!T'(m+a+1) (/2)
and -
Ty = Y0 DT (e,
' = miT(m+a+1)
W satisfies
L2 (x) LS (y)
Wiy o) =Y BEal@ ) o

— T(nta+l)
IN. N. Lebedev, Special Functions and Their Applications, p. 77, §4.17.




1.2 Differential equations satisfied by Laguerre polynomi-
als

w satisfies the ordinary differential equation
(1— 20w+ (z— (1 —2)(1+a))w=0.
This yields, for n > 1,
(n+ 1)L (1) + (@ — a — 20— DLO(@) + (n+a)LS_, () = 0. (1)
w also satisfies the ordinary differential equation
(1—=1t)0yw+tw =0,
which yields, for n > 1,
DL® — DL |+ L% ; =0. (2)
Using (1) and (2) gives
DLy =nLy — (n+a)Lyn_4, n>1. (3)
Using (3) and (2) we get, for n > 0,
eD?*L(x) + (a+ 1 — 2)DLY(z) + nLS(x) = 0. (4)

1.3 Integral formulas for Laguerre polynomials
For v > —1, a > 0, b > 0, using the series for .J, one calculates?
b b2

> —a?z? v -
A (& Jy(bx)x +1dw = W@ 4a2 | (5)

Applying this with v =n + a, a = 1, b = 2y/x, x = \/t yields

/0 T et (VD) (VA %\/{dt _ %e—%
ie.

/OOO e o (2Vat)(Vat)"todt = e "z, (6)
Now, it is a fact that

d
S0, 2va) = u TR, (),

and using this and (6), we get that for & > 1 and n > 0,

« exx—a/2 * nta/2 —t
LY(z) = ——— i t Jo(2Vxt)e tdt. (7)

n!

2N. N. Lebedev, Special Functions and Their Applications, p. 132, §5.15, Example 2.



We remind ourselves that for a« > —1 and |z] < 1,

e
(1= 2) ot/ Ao0 = 37 ray)an,
n=0

yt y _ 2ytty—yt y(1+t)

For |z| < %, using this and e"T-t 72 = ¢~ "20-0H = 20-0 one checks that

U
0
=y [T ey
n=0 0

Then one gets, for |z| < 1,

2e~ %/ 2p/2 Z(—l)”Lﬁ(m)z” = Z z"/ e Y2y 2 1 (V) LC (y)dy.
n=0 n=0 0
Therefore for « > —1 and n > 0,
—x/2,.a/2Ta (_1)n > —y/2, a/2T
e 2 LY (2) = ; Jo(/Ty)e ¥ 2y Ly (y)dy. (8)

1.4 Orthogonality of Laguerre polynomials

Let
palx) = e *a”.
Let
un = pL/?L, n > 0.

uy,, satisfies the differential equation

v at+l =z o _

Using this we get

(Ul Uy, — Ul )

o0
+ (n— m)/ UmUpdx = 0.
0

0

Then -
(n—m) / U Updz = 0. 9)
0

Using (1) yields for n > 2,

n(Ly)? — (n+a)(Ly_)> = (n+ 1)Ly, Ly +2L0L% | + (n4a—1)LELY 5 = 0.



Using this and (9), for n > 2,
n/ e Tz LY (z)%dx = (n + a)/ e Tz LY (x)3da.
0 0

Iterating this, for n > 2,

/ e_f”xo‘Lg(ax)de = (nta)nta—1) -(at2) / e T LS (x)%dx
0 0

nn—2)---3-2
I'n+a+1)

n!

1.5 Asymptotics for Laguerre polynomials
It can be proved that for a > —1, with N =n + ‘%"1,3 for z € R>o,

F(n‘i‘a—‘rl)ex/Q

o (Nz)~ /%] (2VNx), n — oo.

Ly ()

1.6 Laguerre expansions

Suppose that f : Rsg — R is piecewise smooth in every interval [z1, 2], 0 <
Ty < T2 < 00, and f € L?(dp,). Let

n! o o
en(f) = m/o f(@) Ly (z)pa(r)dz,

pa(x) = e~*2. It can be proved that* if f is continuous at z then

N

S ealLA@) = f2), N = o,

n=0

and if f is not continuous at x then

N
S enlPtgte) - LD HEO
n=0

which makes sense because f is a priori piecewise continuous.
Let v > —%(a+1) and f(z) = 2”. Integrating by parts,

n' * vVraryo —X
en(f) = m/o a" LY (x)e

1 * v n —Z, . nNTo
:7F(n+oe+1)/o VD" (e 2™t dx
_ (—1)n 'v+a+1)T(v+1)

N 'n+a+1)(v—n+1)

3N. N. Lebedev, Special Functions and Their Applications, p. 87, §4.22.
AN. N. Lebedev, Special Functions and Their Applications, p. 88, §4.23, Theorem 3.



Thus
(=D"L5 ()
n+a+)l'(v—n+1)

(o)
' =Tw+a+1)Ty+1)) F(
n=0
For p a positive integer,
- (=D"L5 ()

x”=F(p+04+1)'p!;)P(nJraJrl)'(p—n)!'

Define
fz) = (ax) =2, (2V/az), a>-1, a>0, z>0.
Using N
(1=z)otem /Um0 = 3 Lo(@)", ] <1,
n=0

. _zz _ -
we obtain, as e 1-7 % = ¢~#/(1-2)

(1—z)7t /OO e/ A=2) (1 /a)*/? ] (2v/ax ) da
0
= /O e " (x/a)*? Jo(2v/ax) Y | LY(z)2"dx
n=0

:,i </OOO f(x)Lg(x)pa(x)dx) .

Doing the change of variable 2y/ax = by with b > 0 and then applying (6) with

2 _ b _
A = Ta(i=%) and v = a,

(1—z)7t /O " ema/=2) (z/a)*? ], (2v/azx)dz

oo 2. 2
=(1- z)*“’1(2a)*aflba+2/ €T o (by)y© Ly
0

_<1 _ )—a—1<2 )—a—lba+2 . L _%

= z a (2A2)a+1€

:(1 _ Z)fafl(Qa)faflbaJr? . bia72(2a(1 o Z))a«klefa(lfz)
_—a(l—=2)

=e

_ax- (02)"

Therefore

ST =S ([T s

o
n=0



whence, for n > 0,

n

n! & n! a
n = Le o(x)dr = ———————e7 4 —.
) = T . S@ @@ = g
Therefore, for a > —1, a > 0, x > 0,
—a/27 (9 / — E Lo — —GE LLO& )
(am) JOt( ax) n:Ocn(f) n(x) € — F(n+a+1) n(x)

2 Integral operators
We remind ourselves that, for a =1,
un(x) = pr()/2 Ly (2) = €22 2L (x).

{u, : n >0} is an orthonormal basis for L?(Rx).
For z,y € Ry define

k(z,y) = ka(y) = k*(y) = ((e* _Jll()?ﬁ)l))l/z'

For ¢ € L?(Rx¢) and y € R+, define
Koty) = [ ky@)ola)da.
RZO

We have established, with o = 1,

Hence
- ky(x)gb(a:)dx = - QS(Q;‘)(@I — 1)*1/2(69 1)*1/2(xy)1/267x
0 0
o0 xn N
> —1)1/2,1/ oo
= ngo (ey 1)(n1+2z;; 2qu1(y) /0 ¢(x)(ez N 1)71/2931/267931‘“6133
=Y an(y) (6,pn)
n=0
for
pa(z) = ! (e" — 1) 2T ts = ! e "2 (e — 1) 2", (2)

(n+1)! (n+1)!



and
@n(y) = (¥ = 1)7 2y 2Ll (y) = (1= e7¥) 7 Pun(y).
Then

K¢ = ZQn <¢7pn>'

n=0

The following states the trace of the operator K : L?(R>q) — L*(Rxq).5

Theorem 1. tr K = fooo k(xz,x)dx = OOO élm(igi))dm =0.7711....

3 Hardy spaces

For z e Rlet P, = {2z € C:Rez > z}. Let H be the collection of holomorphic
functions f : P_;,5 — C such that for any z > —%, f| P is bounded and such

that
1 .
/R / (2*@

Define M : LQ(RZQ) — H, for ¢ € LQ(RZ()), by

2
dy < oo.

Mo(z) = /R e 752¢(s)ds.

For f € H define

PAf(Z)_Z(Z-I}k)Zf(Zik) Rez>—%,

k>1

called a Perron-Frobenius operator. \ denotes Lebesgue measure.

Let 12
1—e%
h =
(s) ( : )

for s € Rsp, with 2(0) = 1. Because h € L*(u), it makes sense to define
S L2(R20) — L2(RZ()) by

S¢(s) = ho, ¢ € L*(Rxg).
Define A : H — L?(R>g) by

A=SoM™1
We prove that Py and K are conjugate.’

Theorem 2. Py, = A~1KA.

5cf. A. A. Kirillov, Elements of the Theory of Representations, p. 211, §13, Theorem 2.
SMarius Iosifescu and Cor Kraaikamp, Metrical Theory of Continued Fractions, p. 9,
Proposition 1.1.1.




Proof. Let ¢ € L*(R>) and set f = M¢. Then
AT'KAf = AT KS¢.

We calculate

(ST'KS¢)(x) = h(z) " ka(y) - h(y) - o(y)dy

R>o

- (= )1/2 [ ey y>/ )y

1—e®
% /a\ /2 ev/2 (e¥ —1)1/2 Ty (2/77)
- /0 (y) (em — 1)1/2 ey/2 ((ez _ 1)(6y — 1))1/2 ¢(y)dy

o 12\ /2 fa—y)/2
- /0 (y) RV

Then
(MS™'KS)(z2)

_ / e =2/2(§1 K S () da
R0

o0 1/2 (a—y)/2
:/0 o—7—e/2 ((x) ee:v _y : JﬂQ@)qﬁ(y)dy) dx

Y

It is a fact that for Rez > —1 and for ¢ > 0,

SO+ k) Zexp <— t ):/Om(stl)l/%zswds.

k>0 itk e -1
Using this,
(MS™ K S¢)(z) = /oo e v/? (/oo(wy‘l)l/ze‘”wdw> o(y)dy
0 0 et —1
Y R 2o (Y ).
_/O e ’;(Hk) ep( z+k) P(y)dy
_ ([T (Y Y
—k21(2+k) </O eXp( Py 2>¢(y)dy)
_ 1

::;(Hk) 2.M¢<z+k>'

Thus, as f = M ¢,

(MST'KSM™' f)(2) =Y (2 +k)72f (Zik) = Pyf(2),

E>1



that is,
AT'KAf(z) = PAf(2).



