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For f € L'(R), define

fo=[ emer@an  ¢er
For a > 0, write
Se={2€C:|Imz| <a}.

We define §, to be the set of functions f that are holomorphic on S, and for
which there is some A > 0 such that

|f($+iy)\§mv xr+iy € S,. (1)
For example, for f(z) = e
|f(z)] = |e—7r(ac+iy)2| _ |e—7”52—27riacy+7ry2 _ e_ﬂxzeﬂy27

and for any a > 0, f € S,.
The following is from Stein and Shakarchi.!

Theorem 1. Ifa >0 and f € §q4, then for any 0 <b < a,

o~

f(§) = e7?miel / T g D)y, EER.

Proof. Tf b = 0 then the claim is immediate. If 0 < b < a, we define g(z) =
e~ 2™8Z f(2). Because f € §, there is some A > 0 such that f satisfies (1). We
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prove the claim separately for £ > 0 and £ < 0. For £ > 0, with R > 0,

-R -R
| / g(2)dz| < / |o™27E (2] d
—R—1b

—R—1b

0
= /b e 2 BT f(— R 4 dy)|dy

0
- / 7| (R + iy)|dy

—b

0
A
< 27y d
—/,be 1+ r2 "

=O(R™?)

/R "

g is holomorphic on Sy, so by Cauchy’s integral theorem, taking R — oo,

[ stz [ Zig(z’d’z’

and likewise

= O(R™?).

ie.,

N —oo—1ib )
f(f) _ / 6—27rz£zf(z)dz

—oco—1ib

— / e—27ri§(ac—ib)f(x _ Zb)d$
= ¢ 2méb / efZﬂfIf(z —ib)dx.

For ¢ <0, with R > 0,

-R —Rtib _
| / g(2)dz| < / |27 £(2) | dz
—R+1ib

-R

b
- /0 e 2™ RTW) £ (R + iy)|dy

b
- / | F( R + iy)|dy
0

b
A
< 2nly d
*/0 < i r®

= 0(R?),



and likewise

By Cauchy’s integral theorem, taking R — oo,

oo oco+1b
| o@iz= [ gaa,
—00 —oo+1b

ie.,

N co+1b )
f(ﬁ) — / 6—2wz§2f(z)dz

—oo—+1ib
= / e 2mi@Hib) £ (g 4 ib)da

— 00

= ezﬂgb/ e_szmf(x + ib)dzx.

O

Corollary 2. If a > 0 and f € §a, then for any 0 < b < a there is some B
such that R
[FOI < Be?™El ¢ eR.

Proof. Because f € §, there is some A > 0 such f satisfies (1). Put

<1
B:A/ ——dr=7A.
oo L+

By Theorem 1,

Fl < 6_2”"5"’/00 |75 f(x — i - sgn& - b)|da

— 00

2672‘”'5'17/ |f(x—i-sgn&-b)|dx

< e-2mlelb / A e
oo 1+ 22

_ o2l g,

Define

F=UJ3%.

a>0

We now prove the Fourier inversion formula for functions belonging to §.2
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Theorem 3. If f € §, then

flz) = / T (6)de, xR,

— 00

Proof. Say f € §,, write

00 oo 0
/ 62“i“’5d§ _ / e27ri:v£d§ +/ ezmxidf =1 + I,
— 0 0 —o0

and take 0 < b < a. First we handle I;. By Theorem 1, for £ > 0,

~

&) = 672#5!7/ 672’”-5“]"(11 —ib)du = / efQ“iE(ufib)f(u —ib)du,

— 00

~

with which, because &b > 0,

> 2mix€ Ty _ > 2mizé > —2mi&(u—1ib) s
/o e f(&)de /0 e (/ e flu zb)du) d¢

:/jo fu—ib) /0°° 672”i£(u7ib72)d§du
- . 1
L[ SO,

% LIC—JZ

where Ly = {u —ib : u € R} traversed left to right. Now we handle Is.

Theorem 1, for £ < 0,

~

(oo} o0
F(&) = 2 / e 2™ f(y + ib)dx = / e~ 2mis(utid) £y 4 ib)da,
—00 —00

with which, because &b < 0,

0 0 o0
/ 62wi15‘]/z‘\(§)df _ / e2ming (/ e—2m‘£(u+ib)f(u + ib)du) dg

e’} 0
— / f(u +1ib) / e~ 2mit(utib=a) geqy
_ /oo flu+ 'b)_—ld
=L TN T it i — o)™

G
—%/L =

where Lo = {u + ib: u € R} traversed left to right. Thus

> 2miz€ 7y _ i f(C) o L f(()
/ c F(&)ds = 2mi /L1 ¢ —ach 21 /Lz (—xdg'

— 00
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Let v — R be the rectangle starting at —R — ¢b, going to R — ib, going to R + ib,
going to —R + ib, going to —R — ib. Because this rectangle and its interior are
contained in S,, on which f is holomorphic, by the residue theorem we have,

for R > ||,
f©) dC = 27i - Res¢—y f(C)
VR ¢ — C—x
We estimate the integrand on the vertical sides of yg. For the left side, taking
A such that f satisfies (1),

|/PR+w C Sl/i

For the right side,
b
.

/“wﬂo
ib C__x
Thus, taking R — oo we get
1O Q)
| e [ Hac=2mi- s,

=27i - f(x).

JR+iy) |,
—-R+iwy—x

b
A 1 )
< ——dy=O(R™®).
_/“+m3_ﬂy O(R™)

(R+1y) 4
R+iy—=x

d¢| <

b

A 1

< o dy=O0(R?).
*/_b1+R2 R =OF)

which by (2) is
o0
/EMW@%zﬂm
proving the claim. O

We now prove the Poisson summation formula.?

Theorem 4. If f € §, then

Yo fm)y =" Jn)

nezZ neEZ
Proof. Say f € §4, take 0 < b < a, and for N a positive integer let vy be the
rectangle starting at —N — 1 ib going to N + 5 L _ b, going to N + % +1b, going
to —N — = —Hb going to —N — = —ib. Because f € Sa, 623:7() 7 is meromorphic
on a reglon containing vy and ltb interior, and has poles at z = —N,..., N,

with residues £2) ) )
z n n
ROSa=nTomie 1 = Smiezrin — omi

Thus the residue theorem gives us

| i 3 I 5 ®)

In|<N |n|<N
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For the left side of vy, with z = —N — 1 + iy, —b < y < b,

|627riz o 1| _ |6727riN77ri7277y o 1‘ _ | o 6727ry _ 1| > 17

so, taking A > 0 such that f satisfies (1),

—N—— ib b
[ e ]
—~N—i4ib €777 — 1 —b

b A
</ ——dy
bl4 (—N—1)

—O(N2).

1
f(—N—2+zy>‘dy

Likewise,

=O0(N7?).

/N+§+ib f(Zi) dz

2
Nti-ip €T

Therefore, taking N — 0o, (3) becomes
f(z) /
————dz — f(n
Al e2miz ] Lo 627rzz _ T;Z

where L1 = {z — ib : z € R}, traversed left to right, and Ly = {a + ib: 2 € R},
traversed left to right. Then, as b > 0,

e—27riz 1
f(n)= f(z)————dz + f(z)————d=z
ng ( ) L, ( )1 _ 6—271'12 Lo ( )1 _ e27nz
f(z)ef%riz 2(6727”"2)”(12 + Z 2mz n
n=0 =

. Z/ —27\'1(1’L+1)Zf dZ + Z/ 27rzn2f
Z/ —27rm(ac zb)f I _ Zb dz + Z/ 27rm(ac+zb)f(l- + ’Lb) T
n=0

Z e—27mb / e—Qﬂinazf(x _ zb)dx

n=1 -

+ Z 6727rnb/ 627rinzf(x + Zb)dl’
n=0 o0

Using Theorem 1 this becomes

Do fm)y =3 Fm)+ Y fen) =3 Fn),
neZ n=1 n=0 nez
proving the claim. U



Take as granted that

oo
/ e~ 2mikT =T gy 67‘”52, e

— 00

For t > 0 and a € R, with y = t'/2(z + a),
o t 2 X omig(t 2,-1/2
/ e~ wzéxe—ﬂ (z+a) dr :/ e~ i€ ( y—a)e—fry = / dy
—o0 —00

o)
e o ses—1/2, 2
e27rz§at 1/2/ e 2mwilt Y=Y dy
—o0

. 2,1
:eQTl'lfat 1/26 &t )

With f(z) = e~ ™@+®*  this shows us that

~

Fle) = e27ri£at71/2€77r§2t_1 ,

and applying the Poisson summaton gives
Z e—ﬂt(n+a)2 — Z eZﬂ'inat—l/2e—ﬂ'n2t’1. (4)
nez nez

Define )
d(t) =D e ™ t>0.

ne”Z

I(t) =t"1/29 <1> :

Using (4) with a = 0 gives



