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1 The principal value integral
Let Ac ={z € R: |z| > €}. For f € oL (A, if fAe f(z)dz has a limit as

€ — 0, we denote it by

PV/Rf(a:)dx = lim f(z)dx.
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Let . be the collection of Schwartz functions R — C and let .’ be its dual
space, whose elements are called tempered distributions. For ¢ € ., for k > j,
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Therefore f A, @dz is a Cauchy sequence in C and hence converges. Then
J

the following limit exists:

<¢, W> = PV/]R @dl‘ = lim Mdm,

e—0 |z]>e xT

It is apparent that W : . — C is linear, and one proves that W € ..



For ¢ € ., by Hadamard’s lemma, there is a C'*° function ¢ : R — C such
that ¢(z) = ¢(0) + x(z) for all z. For € > 0,
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On the other hand,
/ ¢'(x)log |z|dz = —/ Mdm.
x| >1 lz[>1 &

'(z)log |x|dx = — ¢=) x
PV/R(;S()lng PV/Rxd.
Let po(x) = ¢(—x) and 1,¢(x) = ¢(x — y). Then

Ty () = po(z —y) = ¢y — z) = 12 (y).

Therefore

Write

For v € ./ and for ¢ € ., define ¢ xu : R — C by
(¢ u)(z) = (Tapig, u) .
One proves that ¢ * u is a tempered distribution, and satisfies

(¢, ¢ xu) = ((1g) x P, u) .

Define T,u € .’ by
(¢, Tau) = (7o, u) -

2



2 The Hilbert transform

For € > 0, for ¢ € . let

Define

For z € R,
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Thus
H¢:71T¢*W:¢*(W>.
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We calculate
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Check that

lim

dé =m-sgnz.
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Then, using the dominated convergence theorem,
<¢,ﬁ/\> = / o(x) - —im - sgnxde.
R

Thus, W=—mi- sgn.

Now, -
O *u= QAS u
Then 1
HO(E) = ~6 (&) = ~3(6) - W(€) = (6) - —i - sem (€).
Let
mp(§) = —i-sgn(§),
with which

Hé = muy - 6.

Writing F'¢ = QAS,
FH¢ =mpy - Fo.

So
H¢:F71(mH F¢)7

and hence
H?¢=F Ymy - FH$) = F~ ' (my - muFo).

For £ # 0, mg(£)? = —1, which yields
H?¢=F~'(-F¢) = —¢.

Thus H? = —id. Therefore ||Ho||;> = [|¢]| 2



Thus it makes sense to define H

. L2(R) — L2(R).

For f,g € L*(R), by

Plancherel’s theorem, and as mg = —my,

(Hf,g) = <fl?,§>

But (Hf,g) = (f,H"g), so
(f,H*g)

which implies that H*g = —Hg and thus H*

~Hg(€) = —mp(€) - §(€) = i -sgn (€) - §(6).
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3 The Poisson kernel

For y > 0, calculate

<fa _Hg>a

—H. Furthermore,
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For y > 0 let
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and

1 T
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Py(g) = e~
and R
Qu(§) = —i - sgn (€)e K.
Also,

Py(w) +iQy(w) = ~ 41 - 2
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For a Borel measurable function f : R — C for which the integral exists,

(P, * f)(z /Px—t

/f :c—t y)dzf
:/Rf(x_t)iﬂ(t“yz)dt

and
/ny—t
x—t
= )@
t
ST
Then
Byx fa) +iQy * f(a /fa:—t _tht
1
_/Rf(t)wy—zx—i—ztdt
i ft)
_;/Rx—l—z’y—tdt'
F0r917y2>07

v * Pua(€) = By (€) - Pra(6)
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Therefore (P,)y>0 is a semigroup using convolution: for y1,y2 > 0,
Py, * Py, = Py, 4y,
Let H={z € C:Im~z > 0} and for ¢ € . let
R0

TJpz—1

Fy(2) dt, z € H,

which is a complex analytic function. For z = x + iy € H,

Py« ¢(z) +iQy * ¢(x) = ;A%dt = Fy(2).

It is proved that for 1 < p < oo and f € LP(R), Q. * f — H.f — 0 in L? as
€ — 0, and that for almost all x € R, Q. * f(z) — H.f(x) = 0 as e — 0.
For 1 < p < o0, it can be proved that there is some C), such that

12l e < Cp ll9ll

forallgbe&”,witth§2pf0r2§p<ooand0p§%for1<p§2.2

Loukas Grafakos, Classical Fourier Analysis, second ed., p. 254, Theorem 4.1.5.
2Loukas Grafakos, Classical Fourier Analysis, second ed., p. 255, Theorem 4.1.7.



