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1 Introduction

In this note all vector spaces are real. If X and Y are normed spaces, we
denote by B(X,Y) the set of bounded linear maps X — Y, and write Z(X) =
PB(X,X). B(X,Y) is a normed space with the operator norm.

2 Remainders

If X and Y are normed spaces, let o(X,Y") be the set of all maps r : X — Y for
which there is some map o : X — Y satisfying:

e 7(z) = ||z||a(z) for all z € X,
e a(0) =0,
e « is continuous at 0.

Following Penot,! we call elements of o(X,Y) remainders. It is immediate that
o(X,Y) is a vector space.

If X and Y are normed spaces, if f : X — Y is a function, and if z¢g € X,
we say that f is stable at x( if there is some € > 0 and some ¢ > 0 such that
|z — zo|| < € implies that || f(z — zo)|| < ¢||lz — ]| T : X — Y is a bounded
linear map, then ||Tz|| < ||T|| ||z|| for all 2 € X, and thus a bounded linear map
is stable at 0. The following lemma shows that the composition of a remainder
with a function that is stable at 0 is a remainder.?

Lemma 1. Let X,Y be normed spaces and let r € o(X,Y). If W is a normed
space and f : W — X is stable at 0, then 7o f € o(W,Y). If Z is a normed
space and g : Y — Z is stable at 0, then gor € o(X, Z).

Proof. v € o(X,Y) means that there is some o : X — Y satisfying r(z) =
|z]| a(x) for all z € X, that takes the value 0 at 0, and that is continuous at

1 Jean-Paul Penot, Calculus Without Derivatives, p. 133, §2.4.
2Jean-Paul Penot, Calculus Without Derivatives, p. 134, Lemma 2.41.



0. As f is stable at 0, there is some € > 0 and some ¢ > 0 for which |jw] < e
implies that || f(w)| < ¢||w]||. Define 8 : W — Y by

1f )]
a(f(w)) w#0

w) = 4Tl
Bw) {0 we0,

for which we have
(ro f)(w) = [lwl| B(w),  weW.

If |lw]| <€, then ||B(w)] < clla(f(w))]. But f(w) — 0 as w — 0, and because
a is continuous at 0 we get that a(f(w)) — a(0) = 0 as w — 0. So the above
inequality gives us f(w) = 0 as w — 0. As 3(0) = 0, the function §: W —» Y
is continuous at 0, and therefore r o f is remainder.

As g is stable at 0, there is some ¢ > 0 and some ¢ > 0 for which ||y|| < e
implies that [|g(y)|| < ¢||y||. Define v: X — Z by

o(llzllax))
_ )5 e - 2#0
T) =
’Y( ) {O x = 0.

For all z € X,

(gor)(z) = g([lz]| a(x)) = [[=[|v(2).
Since a(0) = 0 and « is continuous at 0, there is some § > 0 such that ||z|| < o
implies that ||a(x)|| < e. Therefore, if ||z| < J A1 then

lg(lzl a(z))Il < cllz]l a(@)l] < cllz]e,

and hence if ||z|| < d A1 then ||y(z)|| < ce. This shows that y(z) — 0 as z — 0,
and since ¥(0) = 0 the function v : X — Z is continuous at 0, showing that gor
is a remainder. O

IfY7,...,Y, are normed spaces where Y}, has norm ||-||,, then ||(y1,...,yn)|| =
maxi<p<n ||Yxll, is & norm on [];_, Y%, and one can prove that the topology
induced by this norm is the product topology.

Lemma 2. If X and Yj,...,Y, are normed spaces, then a function r : X —
szl Yy is a remainder if and only if each of rp : X — Y} are remainders,
1 <k <n, where r(z) = (r1(x),...,r(z)) for all x € X.

Proof. Suppose that there is some function o : X — []}'_; Y such that r(z) =
lz]| a(z) for all z € X. With a(z) = (a1(x),...,an(z)), we have

ri(@) = ||zl ex(z),  zeX.

Because a(xz) — 0 as ¢ — 0, for each k we have ay(z) — 0 as © — 0, which
shows that rj is a remainder.

Suppose that each ry is a remainder. Thus, for each k there is a function
ap : X =Y, satisfying i (z) = ||z]] ag(x) for all z € X and ax(x) - 0asz — 0.
Then the function o : X — [[7_, ¥ defined by a(z) = (a1(z),...,a,(z))
satisfies r(z) = ||z|| a(x). Because ay(x) — 0 as x — 0 for each of the finitely
many k, 1 <k <n, we have a(z) = 0 as x — 0. O



3 Definition and uniqueness of Fréchet deriva-
tive
Suppose that X and Y are normed spaces, that U is an open subset of X, and

that g € U. A function f: U — Y is said to be Fréchet differentiable at x¢ if
there is some L € #(X,Y) and some r € o(X,Y") such that

f(@) = f(xo) + L(x — x9) + r(x — x0), xeU. (1)

Suppose there are bounded linear maps L1, Lo and remainders r1, o that satisfy
the above. Writing 1 (z) = ||z|| a1(x) and ro(z) = ||z|| az(x) for all z € X, we
have

Li(z—xz0)+ ||z — zol| a1 (z — o) = La(x—z0) + ||z — @0 || 2(x — 70), zeU,
ie.,
Li(z — x0) — La(z — 20) = ||z — 20| (e2(z — 20) — a1 (2 — 0)), zel.

For x € X, there is some h > 0 such that for all |¢t| < h we have x¢ + tx € U,
and then
La(tz) — L(te) = [tz (ag(tz) — ar(tx)),

hence, for 0 < |t| < h,
Li(2) = La(z) = [Jz]| (az(tz) — ar(tz)).

But as(tx) — ai(tz) — 0 as ¢ — 0, which implies that Lq(z) — L2(x) = 0.
As this is true for all z € X, we have Ly = Ly and then r; = ro. If f
is Fréchet differentiable at g, the bounded linear map L in (1) is called the
Fréchet derivative of f at xq, and we define D f(xg) = L. Thus,

f(m) = f(xo) +Df(1‘0)($—330)+7“($—xo), x e U.

If Uy is the set of those points in U at which f is Fréchet differentiable, then
Df:Uy— B(X,Y).

Suppose that X and Y are normed spaces and that U is an open subset of
X. We denote by C1(U,Y) the set of functions f : U — Y that are Fréchet
differentiable at each point in U and for which the function Df : U — Z(X,Y)
is continuous. We say that an element of C1(U,Y) is continuously differentiable.
We denote by C?(U,Y) those elements f of C*(U,Y’) such that

Df € CHU,B(X,Y));

that is, C2(U,Y) are those f € C*(U,Y) such that the function Df : U —
AB(X,Y) is Fréchet differentiable at each point in U and such that the function

D(Df): U — B(X, B(X,Y))



is continuous.?

The following theorem characterizes continuously differentiable functions
R? — R™ 4

Theorem 3. Suppose that f: R®™ — R™ is Fréchet differentiable at each point
in R™, and write

f:(f17'~'afn1)~
fe Cl(R",Rm) if and only if for each 1 <i <m and 1 < j < n the function

Afi
8azj

R" - R

is continuous.

4 Properties of the Fréchet derivative

If f: X — Y is Fréchet differentiable at xg, then because a bounded linear
map is continuous and in particular continuous at 0, and because a remainder
is continuous at 0, we get that f is continuous at z.

We now prove that Fréchet differentiation at a point is linear.

Lemma 4 (Linearity). Let X and Y be normed spaces, let U be an open subset
of X and let xg € U. If f1, fo : U — Y are both Fréchet differentiable at xg and
if @ € R, then af1 + f5 is Fréchet differentiable at x¢ and

D(afi + f2)(wo) = aDfi(xo) + D fa(wo).

Proof. There are remainders 1,72 € o(X,Y) such that

fi(@) = fi(wo) + Dfi(zo)(x — x0) +11(x — 20), 7 €U,
and

fo(x) = fa(xo) + Dfa(xo)(x — xo) + r2(x — 20), zcU.
Then for all z € U,

(afi + f2)(x) = (afi + f2)(w0) = afi(z) —afi(xo) + f2(z) — fa(wo)
= aDfi(zo)(x — x0) + ar1(z — zo)
+D fo(xo)(x — 20) + r2(x — o)
= (aD fi(zo) + Dfa(x0))(z — o)
+(ary +12)(x — x0),

and ary + 72 € o(X,Y). O

3See Henri Cartan, Differential Calculus, p. 58, §5.1, and Jean Dieudonné, Foundations of
Modern Analysis, enlarged and corrected printing, p. 179, Chapter VIII, §12.
4Henri Cartan, Differential Calculus, p. 36, §2.7.



The following lemma gives an alternate characterization of a function being
Fréchet differentiable at a point.®

Lemma 5. Suppose that X and Y are normed space, that U is an open subset
of X, and that zo € U. A function f : U — Y is Fréchet differentiable at x if
and only if there is some function F' : U — Z(X,Y) that is continuous at zg
and for which

J(@) - fl@o) = F@)(x —z), a€U.

Proof. Suppose that there is a function F' : U — £(X,Y) that is continuous
at zo and that satisfies f(x) — f(xg) = F(z)(x — x) for all € U. Then, for
x e U,

f(@) = f(zo) = F(x)(x —x0)— F(z0)(x — 20) + F(20)(x — 70)
F(zo)(x — x9) + r(xz — x0),

where r : X — Y is defined by

vy = | Fl@+a0) = Fao))(@) a+w0cl
0 x+xz9 ¢ U.

We further define

(F(m-*'mo)—f(fﬁo))(m) T4+20€U,x#0

ll=|

a(z) =10 r+xo g U
0 z =0,
with which r(z) = ||z||a(x) for all x € X. To prove that r is a remainder it

suffices to prove that a(x) — 0 as ¢ — 0. Let ¢ > 0. That F : U — #(X,Y)
is continuous at xg tells us that there is some § > 0 for which ||z|| < § implies
that ||F(z 4+ 29) — F(20)|| < € and hence

I(F(x + o) = F(20))(@)|| < [F(x + x0) — Flao)l| [l] < ell].

Therefore, if ||z]| < ¢ then ||a(x)| < €, which establishes that r is a remainder
and therefore that f is Fréchet differentiable at xy, with Fréchet derivative
Df(xo) = F(xo).

Suppose that f is Fréchet differentiable at xo: there is some r € o(X,Y)
such that

f(z) = f(zo) + Df(zo)(z — z0) + r(z — 20), zel,
where Df(z9) € B(X,Y). As r is a remainder, there is some o : X — Y
satisfying r(x) = ||z|| a(z) for all z € X, and such that a(0) = 0 and «(z) — 0
as z — 0. For each z € X, by the Hahn-Banach extension theorem® there is
some )\, € X* such that A,z = ||z|| and |A\zv| < ||v|| for all v € X. Thus,
r(z) = (A\zx)a(z), z e X.

5Jean-Paul Penot, Calculus Without Derivatives, p. 136, Lemma 2.46.
SWalter Rudin, Functional Analysis, second ed., p. 59, Corollary to Theorem 3.3.




Define F : U — B(X,Y) by
F(z) = Df(x0) + (As—ao) oz — 20),
ie. forz e U and v € X,
F(z)(v) = Df(z0)(v) + (As—apv)a(z — z0) € Y.
Then for x € U,
(@ = 20) = (Ag—ao (¥ — @0))a(x — 20) = F(x)(x — x0) — D f(20)(x — x0),
and hence
f(@) = f(zo) + Fz)(x —x0), z€U.
To complete the proof it suffices to prove that F' is continuous at zy. But both
Ao = 0 and a(0) = 0 so F(z9) = Df(x0), and for x € U and v € X,

I(F(z) = F(zo)) ()l = [|(A—apv)a(z —zo)]|
= a0l llalz — o)

IN

ol la(z = zo)ll,

so ||F(z) — F(zo)| < ||a(x — x0)||. From this and the fact that «(0) = 0 and
a(z) — 0 as x — 0 we get that F' is continuous at xg, completing the proof. [

We now prove the chain rule for Fréchet derivatives.”

Theorem 6 (Chain rule). Suppose that X,Y,Z are normed spaces and that
U and V are open subsets of X and Y respectively. If f : U — Y satisfies
f(U) € V and is Fréchet differentiable at 2o and if g : V. — Z is Fréchet
differentiable at f(zg), then go f : U — Z is Fréchet differentiable at xg, and
its Fréchet derivative at x is

D(go f)(xo) = Dg(f(w0)) o Df(xo).

Proof. Write yo = f(x0), L1 = Df(x0), and Ly = Dg(yo). Because f is Fréchet
differentiable at x, there is some 1 € o(X,Y) such that

f(@) = f(zo) + Li(x — xo) + 11(z —20), z€U,
and because g is Fréchet differentiable at yo there is some 9 € o(Y, Z) such that
9(y) = 9(yo) + La(y —wo) +r2(y —v0),  yeV.
For all © € U we have f(z) € V, and using the above formulas,
9(f(x)) = g(yo) + La(f(x) — yo) + r2(f(2) — vo)
= g(yo) + Lo (Ll(x —x0) +71(7 — 960)) + 72 (L1(JU —x9) +11(z — :z:o))

= 9(y0) + La(La(w = 20)) + La(rs (v = 20)) + 2 (Lu(w = 70) + 112 = w0) ).

7Jean-Paul Penot, Calculus Without Derivatives, p. 136, Theorem 2.47.



Define r3 : X — Z by r3(z) = ra(Liz + r1(z)), and fix any ¢ > || L1]. Writing
r1(z) = ||z|| a1 (x), the fact that «(0) = 0 and that « is continuous at 0 gives
us that there is some ¢ > 0 such that if ||z|| < § then ||a(z)|| < ¢ — ||L1]], and
hence if ||z|| < § then ||r1(z)|| < (¢ — || L1]]) [|z||. Then, ||z|| < 0 implies that

[Laz +ri(@)|| < Lzl + [lr (@) < | Lall 2]l + (e = [Zal) [l2] = e l=]} -

This shows that © +— Ljx + ri(x) is stable at 0 and so by Lemma 1 that
rs € o(X,Z). Then, r : X — Z defined by r = Ly o7y + r3 is a sum of two
remainders and so is itself a remainder, and we have

go f(x) =go f(xo) + Ly o Li(x — xo) + r(z — x0), xzeU.

But Ly € Z(X,Y) and Ly € #B(Y,Z), so Lyo Ly € B(X,Z). This shows that
g o f is Fréchet differentiable at xo and that its Fréchet derivative at xq is

Ly o Ly = Dy(yo) o Df(x0) = Dg(f(x0)) o D f (o).
O

The following is the product rule for Fréchet derivatives. By f; - fo we mean
the function « — f1(z)f2(z).

Theorem 7 (Product rule). Suppose that X is a normed space, that U is an
open subset of X, that fi1, fo : U — R are functions, and that x¢o € U. If f; and
fo are both Fréchet differentiable at xg, then f; - fo is Fréchet differentiable at
2o, and its Fréchet derivative at zg is

D(f1 - f2)(w0) = f2(w0) D f1(w0) + f1(20)D f2(x0)-
Proof. There are r1,79 € o(X,R) with which
fi(x) = fi(zo) + D fi(xo)(x — x0) + r1(x — 20), zeU

and
f2(z) = fa(x0) + Dfa(wo)(z — 20) + r2(® — 20), T EU.

Multiplying the above two formulas,

fi(@) f2(z) = fi(zo)f2(wo) + fa(zo)D fi(xo)(z — 20) + fi(xo)D f2(zo)(x — o)
+D f1(xo)(x — 20)D fo(xo)(x — o) + r1(x — 20)7r2(x — X0)
+f1(zo)re(z — o) + m2(x — 20) D f1(0) (T — )
+f2(zo)r1(x — 20) + r1(2 — 20) D f2(20) (7 — T0)-

Define r : X — R by

r(z) = Dfi(xo)xD fo(xo)x + 71(2)r2(7) + fi(x0)7r2(2) + 72(2) D f1(20)T
+fa(wo)r1(x) + r1(z) D f2(20),



for which we have, for x € U,

J1(z) f2(x) = fi(zo) fa(zo)+fa(20)D f1(x0)(x—20)+ f1(20) D fo(20) (2 —20)+7(T—20).

Therefore, to prove the claim it suffices to prove that r € o(X,R). Define
a:X%Rbya(O)annda(x):Wforx;téO. For z # 0,
| Dfi(x0)z||D fo(zo)x|
[l
D fr(zo)ll =] 1D f2(zo)l ||

|

1D fr(zo)l I[P fa(xo)ll [l]] -

Thus a(z) — 0 as z — 0, showing that the first term in the expression for r
belongs to o(X,R). Likewise, each of the other five terms in the expression for
r belongs to o(X,R), and hence r € o(X,R), completing the proof. O

a(z)] =

IN

5 Dual spaces

If X is a normed space, we denote by X* the set of bounded linear maps X — R,
ie. X* = #(X,R). X* is itself a normed space with the operator norm. If X
is a normed space, the dual pairing {-,-) : X x X* - R is

(x,9) =¢(x), re€X,peX*

If U is an open subset of X and if a function f: U — R is Fréchet differen-
tiable at x¢ € U, then D f(xg) is a bounded linear map X — R, and so belongs
to X*. If Uy are those points in U at which f : U — R is Fréchet differentiable,
then

Df:Uy— X*.

In the case that X is a Hilbert space with inner product (-,-), the Riesz
representation theorem shows that R : X — X* defined by R(z)(y) = (y,z) is
an isometric isomorphism. If f : U — R is Fréchet differentiable at zg € U,
then we define

V f(w0) = R™H(Df(w0)),
and call V f(zg) € X the gradient of f at xo. With Uy denoting the set of those
points in U at which f is Fréchet differentiable,
Vf : U() — X.

(To define the gradient we merely used that R is a bijection, but to prove
properties of the gradient one uses that R is an isometric isomorphism.)
Example. Let X be a Hilbert space, A € #(X), v € X, and define

f(x) = (Azx,x) — (x,v), z € X.



For all zp,z € X we have, because the inner product of a real Hilbert space is
symmetric,

f(@) = f(xo) Az, ) —

Az, x) —

.T,U> - <A$Q,$0> + <330,’U>
Azg, x) + (Axg, x) — (Azg, o) — (T — o, V)

(
(
Az — x9),z) + (Azg, z — 20) — (T — 20, V)
= (x—xg, A%x + Axg — V)
x —xg, A" — A%xo + A"xg + Azg — v)
x — xo, (A" + A)xg — v) + (x — x0, A% (x — x0)) .

(
(
(
= (z—xg, A%x) + (v — zg, Axo) — (T — T, V)
(
(
(

With D f(zo)(z—x0) = (x — x0, (A* + A)xo — v), or D f(z0) () = (z, (A* + A)zo — V),
we have that f is Fréchet differentiable at each x¢y € X. Furthermore, its gradi-
ent at zg is

Vf(l‘o) = (A* + A)$0 — V.

For each zy € X, the function f : X — R is Fréchet differentiable at xg, and
thus
Df: X = X",

and we can ask at what points D f has a Fréchet derivative. For g, z,y € X,

(Df(x) = Df(x0))(y) = (v, (A" + A)x —v) = (y, (A" + A)wo — v)
=(y, (A" + A)(z — z0)) -

For D(Df)(x0)(z — 0)(y) = (y, (A* + A)(x — 0)), in other words with
D?f(x0)(x)(y) = D(Df)(wo)(x)(y) = (y, (A" + A)z),
we have that Df is Fréchet differentiable at each zo € X. Thus
D*f: X — B(X,X").

Because D? f(z0) does not depend on g, it is Fréchet differentiable at each point
in X, with D3f(zo) =0 for all zg € X. Here D3f : X — 2B(X, B(X, X")).

6 Gateaux derivatives

Let X and Y be normed spaces, let U be an open subset of X, let f: U — Y
be a function, and let xg € U. If there is some T' € #(X,Y) such that for all

v € X we have
fimg L F0 ) = f(20) _
t—0 t

(2)

then we say that f is Gateaux differentiable at xg and call T' the Gateaux deriva-
tive of f at x0.8 Tt is apparent that there is at most one T € Z(X,Y) that

80ur definition of the Géateaux derivative follows Jean-Paul Penot, Calculus Without
Derivatives, p. 127, Definition 2.23.



satisfies (2) for all v € X. We write f'(z9) = T. Thus, f’ is a map from the
set of points in U at which f is Gateaux differentiable to B(X,Y). f V C U
and f is Gateaux differentiable at each element of V', we say that f is Gdateaux
differentiable on V.

Example. Define f : R? — R by f(z1,22) = xﬁf:g for (z1,22) # (0,0) and
1 2
£(0,0) = 0. For v = (vy,v9) € R? and t # 0,

ﬂmﬂw—ﬂmszmwﬂ:{
t t

t54 t4
s v#wﬁ):{@g% v+ (0,0)

v =(0,0) 0 v =1(0,0)

O =

Hence, for any v € R?, we have w — 0 as t — 0. Therefore, f
is Gateaux differentiable at (0,0) and f/(0,0)v = 0 € R for all v € R?, i.e.
17(0,0) = 0. However, for (z1,x2) # (0,0),

x$ 1
fxr,2?) = m =

from which it follows that f is not continuous at (0,0). We stated in §4 that if a
function is Fréchet differentiable at a point then it is continuous at that point,
and so f is not Fréchet differentiable at (0,0). Thus, a function that is Gateaux
differentiable at a point need not be Fréchet differentiable at that point.

We prove that being Fréchet differentiable at a point implies being Gateaux
differentiable at the point, and that in this case the Gateaux derivative is equal
to the Fréchet derivative.

Theorem 8. Suppose that X and Y are normed spaces, that U is an open
subset of X, that f € YU, and that 29 € U. If f is Fréchet differentiable at xg,
then f is Gateaux differentiable at z¢ and f'(xo) = D f(x0).

Proof. Because f is Fréchet differentiable at xq, there is some r € o(X,Y") for
which
f(x) = f(zo) + Df(xo)(x — x0) + r(x — x0), zeU.

For v € X and nonzero t small enough that xg + tv € U,

f(zo +tv) — f(zo) _ Df(xo)(xo + tv — x9) + r(xo + tv — x0) _ tDf(xzo)v + r(tv)
t t t ’

Writing r(z) = ||z|| a(x),

flwo +tv) = flwo) _ tDf(xo) + [[tv]| a(tv)

— Df(wo)v+ vl altv).

t t
Hence,
. flzo+tv) — f(xo)
lim . = D f(wo)v.
This holds for all v € X, and as Df(zg) € Z(X,Y) we get that f is Giteaux
differentiable at z¢ and that f'(xq) = D f(z0). O

10



If X is a vector space and u,v € X, let
[u,v] ={(1 —t)u+tv:0<t <1},

namely, the line segment joining u and v. The following is a mean value theorem
for Gateaux derivatives.?

Theorem 9 (Mean value theorem). Let X and Y be normed spaces, let U be
an open subset of X, and let f : U — Y be Gateaux differentiable on U. If
u,v € U and [u,v] C U, then

1f(u) = @) < sup [[f' ()]l flu— ol

wE [u,v]

Proof. Tt f(u) = f(v) then immediately the claim is true. Otherwise, f(v) —
f(u) # 0, and so by the Hahn-Banach extension theorem!® there is some ¢ € Y'*

satistying ¥(f(v) — f(u)) = |f(v) — f(u)]] and ]| = 1. Define h : [0,1] -+ R
by

h(t) = (f(1 = thu + tv), ) .
For 0 <t < 1 and 7 # 0 satisfying t + 7 € [0, 1], we have

h(t+7) — h(t)

T

LR b=yt (64 )0), ) — — (F(L = B+ 1), )

_ <f((1 —thu+tv+ (v—u)7)— f((1 —1t)u+tv) Z/1>~

T

Because f is Gateaux differentiable at (1 — t)u + tv,

lim flA=tu+tv+ (v—u)r)— f((1—t)u+tv) — (1= tu+ to) (v — ),

T—0 T

so because v is continuous,

lim h(t+7) — h(t)

T—0 T

=({f"(1 = t)u+tv)(v —u), ),
which shows that h is differentiable at ¢ and that

W) = (f (1= thu+tv)(v —u), ¥).

h :[0,1] — R is a composition of continuous functions so it is continuous.
Applying the mean value theorem, there is some 6, 0 < 6 < 1, for which

1 (6) = h(1) — h(0).

9 Antonio Ambrosetti and Giovanni Prodi, A Primer of Nonlinear Analysis, p. 13, Theorem
1.8.
10Walter Rudin, Functional Analysis, second ed., p. 59, Corollary.
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On the one hand,
W(0) = (f'(1 = 0)u+v)(v —u), ).
On the other hand,
h(1) = h(0) = (f(v),¥) — (f(w),¥) = (f(v) = f(w),¥) = | f(v) = f(W)]l.

[f(0) = fl = [(f(Q=0)u+bv)(v—u)y)|
< R (L = 0)u+ 6v) (v — u)
= [[f((L=0)u+0v)(v—ul
< (1= 0)u+ 0v)|| flv — ull
< sup [[f/ ()] llv—ul.

wE [u,v)

7 Antiderivatives

Suppose that X is a Banach space and that f : [a,b] — X be continuous. Define
F:la,b] = X by
[

Let zg € (a,b). For x € (a,b), we have

F(x) — Flay) / / /f f(zo)(@ — w0) + /(f F (o)),

from which it follows that F'is Fréchet differentiable at xg, and that
DF(x0)(x — x0) = f(zo)(x — x0)-

If we identify f(xo) € X with the map x — f(zo)x, namely if we say that
X = AB(R, X), then DF(zg) = f(xo).

Let X be a normed space, let Y be a Banach space, let U be an open subset
of X, and let f € C*(U,Y). Suppose that u,v € U satisfy [u,v] C U. Write
I =(0,1) and define v : I — U by v(t) = (1 — t)u + tv. We have

D~(t) =v — u, tel,
and thus by Theorem 6,
D(feor)(t) = Df(y(t)) o Dy(t),  tel,
that is,

D(fo)(t)=Df(y(t)) o (v—wu), tel,
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i.e.
D(foy)(t)=Df(({t))(v-u), tel
Iftelandt+ h € I, then

D(fey)(t+h)=D(fo)(t) = Df(y{t+h))(v—u)=Df({))(v—u)
= (Df(v(t+h) =Df(v(1)) (v —w),

and hence
ID(F 0 )(t+h) — D(f 0 )OIl < DSt +R)) — DI o - ul

Because Df : U — #(X,Y) is continuous, it follows that

ID(f o7)(t +h) = D(f 0 )(B)]| = 0
as h — 0, i.e. that D(f o~) is continuous at ¢, and thus that

D(fov):I—= ZR,)Y)
is continuous. If we identify Z(R,Y") with Y, then
D(fon): 1 =Y.

On the one hand,
/0D(fov)=(fov)(l)—(fov)(O)=f(v)—f(U)-
On the other hand,
| 2o = [ romw-a - ( | pri=o +tv>dt) (v - )

here, )
/ DF((1 = t)u+ tv)dt € BX,Y).
0

Therefore

F) = fu) = (/01 DA~ tyu + tv)dt) (v — ).
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