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1 Introduction

This note is a collection of results on Banach algebras whose proofs do not
require the machinery of integrating functions that take values in Banach spaces,
and that do not require the algebra to be commutative.

2 Banach algebras and ideals

Unless we say otherwise, every vector space we talk about is taken to be over C.
A Banach algebra is a Banach space 2 that is also an algebra satisfying ||AB|| <
|A|l B for A, B € 2. We say that 2 is unital if there is a nonzero element
I € A such that AT = A and IA = A for all A € 2, called a identity element.
If X is a Banach space, let #(X) denote the set of bounded linear operators
X — X, and let %(X) denote the set of compact linear operators X — X (to
be compact means that the image of each bounded set is precompact). Z(X)
is a unital Banach algebra. %(X) is a Banach algebra, but it is unital if and
only if X is finite dimensional.
An ideal of a Banach algebra 2l is a vector subspace J such that

JACT, AT C 7.
We define the algebra quotient 2/J by
A/T={A+T:AcA},

and define
(A+7)(B+3)=AB+7;

this makes sense because J is an ideal. We define a seminorm on 2(/J by
[A+ 3]l = inf |A—5];
SeT
we call this the quotient seminorm. In the following theorem we show that if
the ideal is closed then this seminorm is a norm.

Theorem 1. If J is a closed ideal in a Banach algebra 2, then /7 is a Banach
algebra with the quotient norm.



Proof. Suppose that ||A + J|| = 0. This means
inf [|[A— S| =0.
Sed

Let S, € J with ||A - S,|| — 0. That is, S, — A. Since J is closed we get
A €7, and hence A+ T = 0+ 7, showing that the seminorm on the quotient is
in fact a norm.

Let z, € /3 be a Cauchy sequence and let z,(,) be a subsequence with
Hza(n_H) — Za(n) || < 27" for all n € N. We shall use the fact that 2l is complete
to prove that the sequence z, converges and therefore that 20/J is complete.
We define a sequence A,, in 2 inductively as follows. Let A; be any element of
Zq(1)- Suppose that z,(,) = A, + 7, and let T' be any element of z,(,41). We
have

zatni1) = za@ || = I 17— An = S]],

hence
inf |T— A4, — S| <27".
Sed

As this is an infimum and the inequality is strict, there is some S € J for which
IT — A, —S|| < 27", and we define A, 1 =T —S. Thus defined, the sequence
Ay, satisfies ||Ap41 — Apl| < 277" for all n and hence is a Cauchy sequence (as
the consecutive differences are summable). Thus A,, converges to some A € 2,
as 2 is a Banach space. We have

Hza(n) —(A+ ’J)H = inf |4, — A= S| < inf |4, — A||+inf ||S|| = || 4. — 4],
Ses Sesd Ses

which tends to 0 as n — oo. Therefore z,,,) — A +7J. As 2, is a Cauchy
sequence a subsequence of which converges to A+7J, it follows that z, — A+7J.
We have shown that each Cauchy sequence in 2/7 converges, and hence 21/7 is
complete. O

If X is a Banach space, then % (X) is a closed ideal of the Banach algebra
#(X). Hence with the quotient norm, the quotient algebra Z(X)/%(X) is
a Banach algebra. Let %Byo(X) denote the set of bounded finite rank linear
operators X — X (to be finite rank means to have a finite dimensional image).
PBoo(X) is an ideal of Z(X), but it is closed if and only if X is finite dimensional.
The closure of Byo(X) is contained in By (X). (If the closure is equal to Ho(X)
we say that the Banach space X has the approzimation property.)

3 Left regular representation

A Banach algebra 2l is in particular a Banach space, and thus Z(2l) is itself a
Banach algebra with the operator norm. The left reqular representation is the
map L : A — () defined by

L(A)B=AB, ABecql



It is apparent that L is an algebra homomorphism, and for A, B € 2,
IL(A)B|| = [[AB|| < [|A[[ | Bl ,

showing that ||L(A)| < ||A]|. If & has identity element I, then |I|| = ||I-I| <
|| 111]], and as ||I|| # 0 we get ||I]| > 1. We’d like the norm on 2 to satisfy
]| =1, and we define

[Allg = IL(A)l| = sup [[L(A)B| < [A].
IBlI<1

Check that L is injective, from which it follows that ||-||, is nondegenerate and
is thus a norm on 2. On the other hand,

[} = (LAY < ILCA I = (1T [111] -

Therefore,
1Allg < 1A < L]/ [IAll »

so ||-|| and [|-||, are equivalent norms on 2, and thus for most purposes anything
we say using one can be said just as well using the other. We decree that if we
are talking about a unital Banach algebra then its norm is such that ||I|| = 1.
Then, L is an isometry.

4 Invertible elements

If 20 is a unital Banach algebra, we say that A € 2 is invertible if there is some
B € U such that AB =1 and BA = I, and we call A~! = B the inverse of A.
We denote by GL(2l) the set of invertible elements of A, and we call GL(2l) the
multiplicative group of the Banach algebra. We now prove that a perturbation
of norm < 1 of the identity element in a unital Banach algebra remains in the
multiplicative group.’

Theorem 2. If 2 is a unital Banach algebra, A € 2, and ||A|| < 1, then
I—AeGL®), and

2
I-A1t-1-4 <ﬂ.

Proof. Define S, = Y i _, A¥. For n > m we have

n—m m+1
— AT _ AT .
L= Al = 1Al

n 1
k m+1
IS0 = Smll < D AT =(14I™"
k=m+1

IWalter Rudin, Functional Analysis, second ed., p. 249, Theorem 10.7.



Thus S, is a Cauchy sequence and so has a limit S € 2. Because S, (I — A) =
I — A", we have

15 (1 — A) = 1| = [|A™*]| < 4" — o,
so Sp(I — A) — I. But
150 (I = A) = S(I = A)| < [1Sn = S| IT = All = 0,

so Sp(I —A) = S(I — A). Therefore S(I — A) = I. One similarly shows that
(I—A)S = I, and hence that I — A € GL(2l), with (I —A)~! = S. Furthermore,

n n 2
N - A e _ll4
I8 =1 Al = lim 1S, —1 = Al = lim |57 A% < Jim 341" = £ =0
k=2 k=2
O

In the above theorem we found that if ||A|| < 1 then (I — A)~' =37 J A™.
This is an analog of the geometric series, and is called a Neumann series.
If %A is a Banach algebra and ¢ : 2l — C is a linear map satisfying

$(AB) = ¢(A)p(B), A, Be,

then ¢ is called a compler homomorphism on 2. That is, a complex homomor-
phism on 2 is an algebra homomorphism 2 — C. It is straightforward to prove
that if 2 is a unital Banach algebra and ¢ is a complex homomorphism on 2,
then ¢(I) = 1 and ¢(A) # 0 for all A € GL(2(). A linear functional on a Banach
algebra need not be continuous, but in the following we prove that a nonzero
complex homomorphism has operator norm 1, and in particular is continuous.

Corollary 3. If 20 is a unital Banach algebra and ¢ is a nonzero complex
homomorphism on 2, then ||¢|| = 1.

Proof. Let A € 2 with ||A|| < 1. If A € C with [A\| > 1 then |[A7'A|| =
IA|71||A]| < 1, and by Theorem 2 we have I — A"'A € GL(2A). Then,

L=2A"19(A) = o(I) = ¢(A1A) = (I = A1 A) #0,
hence 1 # A71¢(A), i.e. ¢(A) # X. This shows that |¢p(A)| < 1. O

The Gleason-Kahane-Zelazko theorem? states that if 2 is a unital Banach
algebra and ¢ is a linear functional on 2 satisfying ¢(I) = 1 and ¢(A) # 0 for
A € GL(2), then ¢ is a complex homomorphism.

In Theorem 2 we proved that a perturbation of the identity element remains
in the multiplicative group. We now prove that for any element of the multi-
plicative group, a sufficiently small perturbation of this element remains in the
multiplicative group, i.e. that the multiplicative group is an open set.?

2Walter Rudin, Functional Analysis, second ed., p. 251, Theorem 10.9
3Walter Rudin, Functional Analysis, second ed., p. 253, Theorem 10.11.




Theorem 4. If 2 is a unital Banach algebra, A € GL(2(), h € 2, and ||h]] <
i ||A*1H71, then A + h € GL(2), and

[(A+R)" = A7 4 A7 hAaTY | < 2| A7 |In)?

Proof. ||A='h|| < ||A7Y|| ||h]l < 4, so by Theorem 2 we get I + A~*h € GL(2).
Therefore
A+h=A+A'h) € GLA).

Furthermore,
(A+h) P —A + A WA = (T+ A7) =T+ ATh) AT,
and by Theorem 2,

[((T+A7 ) =T+ AR AT < [|(T+ A7 'R~ — T+ A7 h|| A7
(S
1—[[A="n]
[

1 [[A7 A
<2l a7 a1

147l

the final inequality is because ||A~'h|| < ||[A7![|[|h]] < % and hence 1 —

A= h| > 1. O

5 Spectrum

If 2 is a unital Banach algebra and A € 2, the spectrum of A is the set
o(A)={AeC: \[-AgGLA},
and the spectral radius of A is

r(A) = sup |Al
A€o (A)

If |A] > ||A|| then Hé” < 1 and so by Theorem 2,
A
)\I—A:)\(I—)\) € GL(),

so A € o(A). Therefore,
r(4) < [|A]l.
For A\ & o(A), we define the resolvent of A by
R(A\) = (A— X))~ € GL(2).

The following is the resolvent identity.



Theorem 5 (Resolvent identity). If 2 is a unital Banach algebra, A € A, and
A\ & o(A), then

R(A,X) = R(A, 1) = (A = ) R(A, M) R(A, p).

Proof. We have

(A= AD(R(AN) = R(A, ) (A= pl) = (A= AM)R(AN)(A = pl)
—(A=A)R(A, p)(A = pI)
= (A—pl)—(A-X)
(A=mp)I.
O

The resolvent set of A is p(A) = C\ o(A). The following theorem implies
that the resolvent set of A is open, and therefore that the spectrum of A is
closed. Because r(A) < ||AJ|, it follows that o(A) is a compact set.

Theorem 6. If 2 is a unital Banach algebra, A € 2, and A € p(A), then
I — Al < ||R(A,N)|| " implies that € p(A).

Moreover, o(A) is nonempty, and although r(A4) may be strictly less than
|A]|, the spectral radius is equal to a limit of norms.*

Theorem 7. If 2 is a unital Banach algebra and A € 2, then o(A) is nonempty,
and ;
1 nyl/n
r(A) = lim A"

Using the fact that the spectrum of any element of a unital Banach algebra
is nonempty, one can prove the Gelfand-Mazur theorem, which states that if 2
is a unital Banach algebra for which every nonzero element is invertible, then
there is an isometric algebra isomorphism 2 — C.?

The following theorem shows that A — R(A, ) is a continuous function
p(A) — 2. From this and the resolvent identity it follows that for any A € p(A),

lim R(A, 1) — R(A,N\)

= R(A,\)?
n—A /J*A R( 7)\)7

i.e.
R'(A,)\) = R(A, )\)2.

4Gert K. Pedersen, Analysis Now, revised printing, p. 131, Theorem 4.1.13. This proof
does not use the holomorphic functional calculus, while Walter Rudin, Functional Analysis,
second ed., p. 253, Theorem 10.13 does. That is, to read Pedersen’s proof one does not have
to make sense of integrals of functions taking values in a Banach space, while to read Rudin’s
one does.

5Walter Rudin, Functional Analysis, second ed., p. 255, Theorem 10.14.




Theorem 8. If 2 is a unital Banach algebra and A € 2, then A — R(A, A) is
a continuous function p(A) — 2L

Proof. From Theorem 5, if A\, u € p(A) then
1Ry = Rall < [ = AL BAI Ryl (1)
where we write Ry = R(A, ). As
IRy — Rall = [ Rull = [ RAll

we get
[Bull < A= plIBANRull + BRIl
which is
[Rull (1= A= pl [[RAD) < [[RA]l - (2)

If A € p(A) and |u—A| < -[|Ry| ", then from Theorem 6 we get u1 € p(A),
and combined with (2) this gives

1Rl < 2[Rl
Applying this to (1) we have that if A € p(4) and |p— A| < L. | Rx]~" then
2
1Ry = Bl < 2|u = ARl
from which it follows that A — R) is a continuous function p(A) — 2. O

The following theorem tells us that if the spectrum of an element of a unital
Banach algebra is contained in an open set, then the spectrum of a sufficiently
small perturbation of that element is contained in the same open set.5

Theorem 9. If 2 is a unital Banach algebra, A € 2, and  is an open subset
of C containing o(A), then there is some ¢ > 0 such that ||h|| < ¢ implies that
o(A+h)CQ.

Proof. If |A] > ||Al|, then

_ 11 A 71_ L[4
R(A4,A) = (A=) =5 (A I) A 7;) A
hence
1 ||A||>" 11 !
R(A )| < — ( = - '
IBAN <3 25 U) =W 71 ~ W=

Hence lim| )|, [[R(A, A)|| = 0. By Theorem 8, A — [|[R(A, \)| is a continuous
function p(A4) — R. It follows that there is some M > 0 such that A ¢ Q implies
that [|[R(A,\)|| < M. If |h|| < 2 and A & €2, then

[1R(A, MR < [RA, M IR < 1,

SWalter Rudin, Functional Analysis, second ed., p. 257, Theorem 10.20.




which implies that R(A, \)h + I € GL(2(). From this we obtain that
A+ h— A = (A~ M) (R(A,Nh +I) € GL(),

which means that A & o(A+h). We have shown that if [|2|| < 4 then o(A+h) C
Q. O

The following theorem gives conditions under which we can evaluate a holo-
morphic function at an element of a unital Banach algebra, and shows that the
image of the spectrum is contained in the spectrum of the image.

Theorem 10. If 2 is a unital Banach algebra, A € 2, ||A| < r, and f(z)
Yoo o an2™ is holomorphic on a domain that contains the closed disc B,(0),
then

FA) = anA e,
n=0

and if A € 0(A) then f(\) € o(f(A)).
Proof. For N > M,

N M
g ap A" — E an, A"
n=0 n=0

N

Z an A"
n=M+1

N
S Janl 147
n=M+1

N

S el 41"
n=M+1
N

Z o |r™.

n=M+1

IN

IA

IN

Because the radius of convergence of 7 ; a, 2™ is > r, it follows that the above
sums tend to 0 as M — oo, showing that f(A) € 2. Define

Po(A,0) =) A,
k=0

giving
(A— APy (A, \) = (/\kAn—k+1 _ )\k+1An—k> — gn+l _ \ntlp
k=0

We have

FA) = FNT =" 0 (A" = A"T) = (A= M) D anPu1(A ).
n=1

n=1



But if |A] < r then

n n n

IPA(A NI < S TINF AR < STAF A < Z =(n+1r

k=0 k=0 -0
and if N > M then

ZannlA)\ ZannlAA

n=1

N
> anPasi(4,))
n=M+1
N
D lanl [Paa(4N)]
n=M+1
N

Z v [nr™

n=M+1

IN

IN

and as Y.~ ,a,2" has radius of convergence > r this tends to 0 as M — oo.
Therefore

D anP1(A,0) €,

and hence

FA) = fNI = (A=A anPr1(AN) €2
n=1
If A € 0(A) then A — AT ¢ GL(2(), and as we have written f(A4) — f(A\)I as a
product of A — AT and another element of 2, it follows that f(A) — f(MNI &
GL(2), and thus f(X) € o(f(A)). O

Theorem 11. If 2 is a unital Banach algebra, A € 2, and zg € C, then
O'(A — Zo.[) = O'(A) — Z0-

Proof. Let f(z) =z — 2. If A € 0(A) then by Theorem 10,

A—zp=f(A) €o(f(A)) =0(A— 2zI),
0

O’(A) — 20 - U(A— Zo])
Let B= A — 29I and g(z) = z 4 z9. If A € o(B) then by Theorem 10,
At z0=9(A) € 0(g(B)) = o(4),
S0
o(B) + zo C o(4),

i.e.

o(A—z) Co(A) — 2.



