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1 Permutations

We follow Cartan [2] and Abraham and Marsden [1].
Let E be a real vector space. Let .Z,(E;R) be the set of multilinear maps
EP — R.

Definition 1. A map f € .Z,(E;R) is called alternating if (x1,...,z,) € EP
with #; = ;41 for some 1 < i < p implies f(z1,...,2,) = 0. Let «7,(E;R) be
the set of alternating elements of .Z,(E;R).

For a set X, let Sx be the group of bijections X — X, and let S;, = S1,.. -
For 0,7 € Sx, write or =0 o T.

Definition 2. For a function f : EP — R and a permutation o € S), define the
function o f : EP — R by
(Uf)(xh ey I;D) = f(xa(1)7 ce 71'0(1)))’ (Ila s 7:Cp) € EP.

Theorem 3. For a function f : E? — R and for 0,7 € S,

T(of) = (10)[.

Proof. Define g = o f. For (x1,...,1,) € EP and for y; = x,(;), we have

T(of)(z1,...,2p) = T(9)(x1,. .., 2p)
= 9(Tr(1)s - Tr(p))
=91, Yp)
= f)(y1,-- s p)
= fWot1) - Yoip))
= (@) Trom))
= (o) (f)(x1,...,2p).
Thus
m(of) = (10)[.



For 1 <1i,j <p, define (i,j) € S, by

J k=i,
k k#i,],
called a transposition. Define
7= (4,1 4+ 1),

called an adjacent transposition. We can write a transposition (i,7), i < 7,
as a product of 25 — 2i — 1 adjacent transpositions:

:Tj—l"’T'L——‘rlT’L—T’L-—‘rl "'Tj—l'

Theorem 4. For 0,7 € Sp,

sgn (o7) = sgn (o)sgn (7).

Theorem 5. Let f € £,(E;R). f € «,(E;R) if and only if o f = (sgno)f for
all 0 € 5).

Proof. (i) Suppose that f € o,(E;R) and let o € S,; we have to show that
of = (sgno)f. Let (z1,...,2,) € EP and for 1 < i < p define g; : E* — R by

gi(ylayQ):f(l'la"'a Y1, Y2, "7xp)7 (y17y2)€E2~
~—
% i+1

Because f is multilinear and alternating, on the one hand
9i(zi + Tiy1, T + Tig1) =0,
and on the other hand

9i(@i + Tig1, T + Tig1) = gi(@i, @) + 9i(@i, ip1) + 9i(Tig1, Ti) + i (Tig1, Tig1)
= gi(%i, Tit1) + gi(Tiy1, i)

Therefore
9i(Tit1, %) = =i (i, Tiy1),
that is,
flza,.. ., xp) = —f(21,...,2p).
Thus, as sgn7; = —1,

T.f = (sgnm;)f.
Because o is equal to a product of adjacent transpositions, it then follows from
Theorem 3 and Theorem 4 that of = (sgno)f.



(ii) Suppose that of = (sgno)f for all o € S,. Let (z1,...,2,) € EP with
x; = ;41 for some 1 <4 < p; we have to show that f(z1,...,2,) = 0. On the
one hand,

Tif (@1, .. mp) = (sgnm) f(21,. .., 2p) = —f(X1,...,2p).

On the other hand, using that z; = z;41,

Tif (@1, 1) = f(Tr,(1)s -+ Try(3) Tri(i1)s - -+ > Ty (p))
= f(z1, -, Tig1, Tiy oo, Tp)
= f(z1,..., T, Tit1,. .., Tp).
Hence
—flz1,...,zp) = fz1,...,2p),
which implies that f(x1,...,2p) = 0. This shows that f € o7,(E;R). O

Theorem 6. Let f € @,(E;R). If (21,...,2,) € EP with 2; = z; for some
i # j, then f(zq,...,2,) =0.

Proof. Check that there is some o € S, satisfying o(1) = ¢ and ¢(2) = j. For
this o,

(O—f)(xla s "Tp) = f(xiaxjaxo@)a s axa(p))
= f(xi7xi7xa(3)7 cee 7330(1)))

=0.

But (of) = (sgno)f, so (sgno)f(z1,...,2p) = 0. Therefore f(z1,...,zp)
0.

oo

Definition 7. For f € Z,(E;R), define

Ayf = % Z (sgno)of.

o€ESy
Lemma 8. A, is a linear map .Z,(E;R) — o7,(E;R).

Proof. Let f € Z,(E;R). For o0 € S, of € Z,(E;R), hence A, f € Z,(E;R).
Namely, A, f is multilinear. It remains to show that it is alternating.
For o € Sp, as 7 +— o7 is a bijection S, = Sp,

o(A,f) = 2% Z (sgnt)otf

T TES,

= (sgn 0)% Y (senr)rf

" reS,
= (sgno)Af,
showing that A, f is alternating by Theorem 5, so A, f € #7,(E;R). O



Theorem 9. Let f € Z,(E;R). f € o,(E;R) if and only if A,f = f.
Proof. Suppose f € 7,(E;R). Thenof = (sgno)f for each o € S, by Theorem

5. Then L L
Af =2 d of=0 ) I=1F

€Sy ’ €Sy

Suppose A,f = f. Lemma 8 tells us A,f € #,(E;R), hence f € o7,(E;R).
O

2 Wedge products
A permutation o € Sp4, is called a (p, g)-riffle shuffle if
o(l) <. <o(p), olp+1)<---<olp+q).

Denote by S, 4 those elements of Sy, that are (p, ¢)-riffle shuffles.
— (zH—q) _ (p+q)!

p plg! -

Let o7, ,(E;R) be the set of those h € £, 4(E;R) such that (i) for each

(y1,...,Yq) € B9, the map

Lemma 10. |S,,

(1, . 2p) = h(T1,. ., Zp, Y15 -+, Yq)s EP - R,
belongs to 7,(E;R), and (ii) for (z1,...,xp) € EP, the map

Wiy ¥q) = My, xp, Y1, Yg), E1 - R,
belongs to <7, (E;R).
Definition 11. For h € 47, ,(E;R) define

pa(h) = ) (sguo)(oh).
0ESp.q

Theorem 12. ¢, , is a linear map 7, ,(E;R) = o,1,(E;R).

Proof. Let h € o, ,(E;R), and say (x1,...,Tptq) € EPTY with oy = x4 for
some 1 < k < p.

Let Ay be those 0 € S, , such that i = o7 !(k),j = 071 (k+ 1) < p. For
o € A1, by Theorem 6,

(Jh)((ﬁl, . ,:Ep+q) = h(xﬂ(l), N ,xg(p), ey xa(p+q)) =0.

Let As be those o € S, such that 07(k),0 ' (k+ 1) > p+ 1. For 0 € Ay, by
Theorem 6,

(O'h)(aﬁl, e ,$p+q) = h(xg(l), e ,xa(p), . ,a?a(erq)) =0.

14,4 are distinct and 1 < 4,5 < p; they need not be adjacent.



Thus
Z (sgno)(oh)(z1,...,%ptrq) =0

ogEA;

and
Z (sgno)(oh)(z1,...,Tptq) = 0.
oEA2
Let Az be those o € S, for which 071 (k) < p and 071 (k+ 1) > p+ 1 and
let A4 be those o € S, , for which 07! (k) > p+1and o1 (k+1) <p. Ifo € A3
then
(ro) Hk) =07t k) =0 H(k+ 1) >p+1
and
(ho) Mk +1) =0 tr W (k+1) =01 (k) < p,
so 1o € Ay. Likewise, if 0 € A4 then 7,0 € As. Thus Ay = 7, A3. For o € As,
let i = 0~ 1(k) and j = o~ 1(k + 1), for which i < p and j > p + 1. Then, as
TE = xk—‘rl)

(sgno)(oh)(z1,...,Tptrq) + (sSgn7%0)(ThoR) (X1, . .., Tpiq)
=(5gn0)h(Zo(1), -+ s To(ptrq)) — (ENT)MUTr, 5(1); -+ s Trpo(ptq))
=(5g00) (h(@o(1), - > Ta(pra) = MErio)s - Treo(i)s - -1 Trai)s -+ > Trea(pta)))
=(sgn 0)(h(x0(1), o To(ptq)) — P(Tro (1) Ty (ks - - s T (k1) - - - ,:L'Tkg(p_,_q)))
=(sgn J)(h(:vg(l), s Ta(prq)) — M Tty TRy Ty ,:Eo(p+q)))
=(sgn o)(h(aca(l), s Ta(ptq) — M To(1)s o TRy TRy, ,x,,(p+q)))
=(sgno) (h(mg(l), e T (ptq)) — (T, 7xg(p+q)))
=0.
Therefore

Z (sgno)(oh)(z1,...,2Tprq) = 0.

ocEA3UA,
But S, , = A1 UAs U A3 U Ay, so
p,q

¢p,q(h)(wl7 v 7xp+q) == 0
Thus ¢, 4(h) € Fpiq(E;R). .

Definition 13. For f € Z,(E;R) and g € Z,(E;R), define the tensor prod-
uct f ®pq9 € Lpiq(E;R) by

(f Xp.q 9)(x1, ... 7xp+q) = f(x1,... 7mp)9($p+17 ey Tptg)-

It is apparent that

(f ®p,q g) Optq,r h=f Op,q+r (g Rq,r h)7

and thus it makes sense to write the tensor product without indices.



Definition 14. Define the wedge product
Np.g @ p(E;R) x oy (E;R) = o7,14(E;R)
by, for f € @,(E;R), g € #4(E;R),
f g 9= 0pq(f@9),

ie,forh=f®yg,

(f Apg (@1, Tpyg) = Z (sgno)(oh)

Uesp,q

= Z (sgn o) (To(1)s - - s To(ptq))
0ESp.q

= > (5800)f(To(1)s - To(p)I(To(p1)s
0ESp.q

Theorem 15. For f € o/,(E;R) and g € @7, (E;R),

+q)!
fNpqg= %Apﬂ(f ®g).

Proof. For o € S, 4,

o(l)<---<o(p), olp+l)<--<olp+aq).

Let I, ={o(i):1<i<p}and J, ={c(@):p+1<i<p-+q}.

f/\p,qg =

Theorem 16. For f € o/,(E;R) and g € o7, (E;R),

9 gp [ =P Npgg

Proof. Define a € S, 4 by

afi)=q+i, 1<i<p,  alp+i)=i, 1<i<q

ce ,.’L‘U(erq)).



Then?
a=[] [] G+a-dita—ji+1).

1<i<p1<j<q

sgna = H H (—1) = (-1)P%.

1<i<p1<j<q

Let 7 € Sgp, then for 1 <7 < p,

Thus

(ra)(i) = 7(q + 1)

and for 1 <i < gq,
(ra)(p +1i) = 7(i),

But 7 € 54, so

thus
(ra)(1) <--- <(ra)(p),  (ra)(p+1) <--- < (7a)(p+ ),
which means that Ta € S}, ;. Likewise, if o € S, ; then
(ea™ (1) =0(g+1),...,(0a")(g) = o(p+q)

and
(ca g+ 1) =0(1),...,(ca” ) (g+p) =0o(p),

and because o € S, , it follows that ca™! € S, ,,.

2For example, take p = 3 and ¢ = 2. Then
a(l) =3,a(2) =4,a(3) =5,a(4) = 1,a(5) = 2.
Here
II II Gra—si+a—i+n= ] [ G-i+2i-j+3)
1<i<p1<j<q 1<i<31<5<2
= I G+1i+2)6G,i+1)
1<i<3
=(2,3)(1,2)(3,4)(2,3)(4,5)(3,4)

= Q.



Hence for (z1,...,2p4q) € EPTY,

(9 Ngp (@15, Tpiq)

= Z (Sgn T)g(‘rT(l)a s 7z7'(q))f(x7'(q+1)a s axT(q-&-p))
TESq,p

= > (sgnoa 9T a1y 1) Toa-1)(@)F Tea1) gt > Tlaa)(g4p))

0€Sp.q

:(Sgnail) Z (Sgn a)g(xo(;lﬂ»l): e axa(erq))f(xo’(l)a cee a‘ro’(p))

0ESp.q
=(-1)P4 Z (sgn o) f(To(1), -+ s To))I(To(pr1)s - - To(ptq))
0ESp.q
=(=DPUf Ap.g 9)(1,- - s Tpq)-

Thus
g Ngp f= (0P Np g g
O

Let <7, 4.»(E;R) be the set of those u € 2,4 q+r(E;R) such that (i) for each
(Y1, Ygs 215+ - - 2r) € EIT", the map

(1, xp) P (T, Ty Y1y Yg 21, -5 2r)s E? - R,
belongs to <,(E;R), (ii) for (z1,...,2p, 21,...,2,) € EPT", the map

(Y153 Yg) P U1y Ty Y1y s Ygs 215 - -5 2r)s E1 — R,
belongs to <7, (E;R), and (iii) for (x1,...,2Zp,y1,...,Yy) € EPTY, the map

(21, ooy 2r) P (T, oy Ty YLy e e ey Ygs P15 - -5 2r), E" - R,

belongs to <.(E;R).
Let S, ;7 be those o € S, 44, such that

o(l)<---<op), olp+l)<---<oalp+q), olp+q+i)=p+q+i,1<i<r
Let Sp 4, be those o € Spyq4r such that
o(i)=i,1<i<p,  olp+tl) <---<o(ptq), olptgt+l) <--- <o(ptg+r).
Let Sp.q,r be those o € Sp1 44, such that
oc(l)<---<alp), olp+l)<---<oalpt+q), olpt+qg+l)<---<olp+q+r).

Lemma 17.

Sp+arSp.ar = Spar
and

Sp.at+rSp.ar = Spar-



Proof. Let 0 € Spyqr and 7 € Sp, 7. Then
o(l)<---<olp+q), olp+tqg+l)<---<olp+qg+r)

and
(1) < <7(p), T+l <. <7(p+q), 7(pt+g+i)=ptqg+il<i<r
It follows that

(o7)(1) <+ < (o7)(p)
and

(eT)(p+1) <--- < (o7)(p+q)
and for 1 <i<r, (o7)(p+q+i)=0(p+qg+1i),so
(oT)(p+q+1) <---<olp+qg+r).

Thus o7 € Sp g, O

Define ¢p g7 1 @pg.r(E5R) = Fpiqr(E5R) by

'

Gpq,r(u) = Z (sgno)(ou), u € pqr(E;R)

0ESp q,7

and define ¢ 4., : ) ¢ (E;R) = 7, g4 (E;R) by

Gpq,r(u) = Z (sgno)(ou), u € pqr(E;R)

oESE q,r

Lemma 18. For u € <7, , ,(E;R),
(Dp+a.r © Pp.gr)u = Z (sgn p)pu

PESp.q,r
and
(Pp,q+r © Ppgr)u = Z (sgn p)pu,
PESp,q.r
and so

Pp+q,r © Pp,gr = Pp,g+r © Ppq,r-

Proof. Applying Lemma 17 we get
(Pp+q,r © Ppgr)u = Z (sgno)ody,qr(u)

O'ESp+q,T

= Z (sgno)o Z (sgn7)(7Tu)
0ESptq,r TESp,q7

= Z (sgnoT) Z oTu
0ESptq,r TESp,q,7

= > (sgnp)pu

PESp.q,r



and similarly

(p.g+r © Ppgr)u = Z (sgno)odp,q,r(u)

0ESp q+r
= Z (sgno)o Z (sgn7)(7Tu)
o€Sp,q+r TESp,q,r
= Z (sgnoT) Z oTu
o€Sp q+r TESp,q,r
= > (sgnp)pu.
Pesp,q,r
Thus
(Pp+a,r © Ppgr)tt = (Pp,gtr © Pp g, )t
from which the claim follows. O

Theorem 19. If f € &,(E;R), g € @, (E;R), and h € o, (E;R), then

(f Npg 9) Nptar b= f Npgrr (g Ngr h)-
Proof. On the one hand,
(Bprqr © Pp.gr)(f @GR ) = prgr(bper((f @g) @ h)

= ¢p+q,r((f Apg 9) @ h)
= (f Np.q 9) Np+qr b

On the other hand,
(p.qir © Ppgr)(f @GR ) = bpgir(Dp.0r)(f @ (g2 D))

= Gp.qir(f @ (9 Agr D))
=f Np,q+r (g Ng,r h)~

But by Lemma 18,
Pptq,r © Pp.ar = Pp,g+r © Ppq,rs

hence
(f Np,q g) Nptgr h=f Ap,g+r (9 Ng,r h).

3 Linear forms

Let E* = £ (E;R), the dual space of E, whose elements we call linear
forms. It is immediate that @ (F;R) = 4 (E;R) = E*.

10



Theorem 20. If fi,..., f, € E* then for (z1,...,2,) € E™,

(fl ARERNAN f7l)(x17' . 7xn) = Z (SgHU)fl(iEau)) o fn(zo(n))

ocES,

Proof. For n =1 the claim is immediate. For n = 2, on the one hand, using the
definition of the wedge product,

(i A fo)(m1,m2) = Y (s8n0) fil@e1) f2(Ta(2));

o€S11

and as 57,1 = Ss the claim is true for n = 2. Suppose the claim is true for some
n > 2 and let (f1,..., fn, far1) € E* and (21,...,2n,7n11) € E"TL Then,
setting u = fi A -+ A f, € 9, (E;R), we have

(fl AREN /\fn /\fn-‘rl)(‘rlw-'vxnyxn-&-l)

:(u /\n,l fn+1)($17 cee axn7xn+1)

= Z (sgno)u(To(1y, - -+ s Tom)) fos1(Tomr1))
0ESK,1

= ) (sgno) (Z (sen ) f1(T(or)(1)) - "fn(x(ar)(n))> Jn1(To(ny1))
aESnYl TES,

= Z (sgnp)fi (xp(l)) T fn(xp(n))fn+1(zp(n+1)),
PESn41

thus the claim is true for n + 1. O

Let f1,...,fn € E* and z1,...,z, € E and put
aij = filz;),  1<ij<m
a € Mat,,(R). The Leibniz formula for the determinant of an n x n matrix tells

us
n

deta = Z (sgno) Haw(i) = z (sgno) Hfi(%;(j))

oESy ocES, =1

Then Theorem 20 gives

det(fi(2;))1<ij<n = (L Ao A fa) (@1, 2n).

Lemma 21. If f1,..., f,, € E* are linearly independent then there are x4, ..., z, €
FE such that
fi(zj) = 044, 1<ij<n.

Theorem 22. fi,..., f, € E* are linearly dependent if and only if

fl/\"'/\fn:O-

11



Proof. Suppose f1,..., f, are linearly dependent, say, for some \; € R, i # k,

fe=Y_\ifi.

ik
Then, as f; A f; =0,
JiN-Afn=0.

Suppose that fi,..., f, € E* are linearly independent. By Lemma 21, there
are r1,...,x, € F such that

fiz;) = 05, 1<4,7<n.
Then det(f;(z;)) =1, and hence
(fih- A fo)(xe,...,zn) =1,
so fi A+ A f, is not identically 0. O

4 Rk
We now take £ = R*. For 1 < i < k define &; € (Rk)* by

fi(xlwu,mk):xia (xla"'vxk)ERk'

Let e; = (0,..., 1 ,...,0) € R* for 1 <i <k, in other words,
-

For x € R¥,

Theorem 23. (i) If f € %,(R¥;R) then for (z1,...,2x) € (RF)P,

f(xlv-'~7xp): Z f(eiw"-7eip)€i1(x1)"'€ip(xp>'
1<in,...ip<k
(ii) If f € #,(R*;R) then
f: Z f(ei17".76ip)§il/\..'/\gip.

1<iy < <ip<k
(i)
. & k
dim <7,(R¥; R) = .
p
(iv) If f € <. (R¥;R) then

f:f(el,...,en)fl/\~~/\§k.

12



Proof. (i) Let f € %,(R*;R). For (x1,...,7,) € (R¥)?, because f : (RF)? — R

is multilinear,

f(xlv"'va):f Z gil(xl)eil""’ Z gip(xp)eip

1<i; <k 1<ip, <k

= Z gil(ml)...fip(xp)f(eil7"'7eip)'

1<iy,.oyip<k

(ii) Let f € 9%,(R*;R). Then f = A,f (Theorem 9),

' Z sgno)of,

p: oc€ESy

so for (x1,... ,xp) € (RF)?, applying Theorem 20,

flze,. ., xp) - Z sgn o) f(To(1), -+ To(p))
p €Sy
= Z (sgno) D> & (o) &y (Tam) e i)
p o€s, 1<iy,nip<k
1
= S flens i) Y (s8n0)&, (To1) - &y (Ta(p)
1<it,enip<k o€S,
1
:7' Z f(eiu"'veip)(&l/\"'/\Eip)(zlv'”vxp)'
p: 1<i1 40 nyip<k
Since f is alternating, i, = i, for r # s implies f(e;,,...,e;,) = 0. Let

Ipr={I C{1,....k}:|I| = p};

For I € 4, , define I1,..., I, by I = {61,...,I,} and I; < --- < I,. Then,
applying Theorem 16, as |S7| = p!,

Z Z flerys o er@))eray N Ny

Ie.ﬂkaESI
Z Z (sgn7)f(er,,...,er,)(sgn7)ér, A--- NEr,
IefkaESI

> flens - ven)én Ao N,

Ie.ﬂp_k

proving the claim.
(iii) [kl = (5).
(iv) This follows from (ii) and the fact that |.#, x| = 1 with .7, ,, = {{1,...,k}}.
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