
The nonlinear Schrödinger equation is

Hamiltonian

Jordan Bell

April 3, 2014

Let

H(u) =

∫
1

2
|∇u|2 + 2µ

p+ 1
|u|p+1dx.

We have

H(u+ ϵv) =

∫
1

2
∇(u+ ϵv)∇(u+ ϵv) +

2µ

p+ 1
(u+ ϵv)

p+1
2 (u+ ϵv)

p+1
2 .

We have, for v ∈ Tu,

dH(u)v =
d

dϵ
|ϵ=0H(u+ ϵv)

=

∫
1

2
(∇v∇u+∇u∇v)

+
2µ

p+ 1

(
p+ 1

2
u

p−1
2 vu

p+1
2 +

p+ 1

2
u

p+1
2 u

p−1
2 v

)
dx

= ℜ
∫

∇v∇u+ 2µ|u|p−1uvdx

= ℜ
∫ (

−∆u+ 2µ|u|p−1u
)
vdx.

Define

ω(v1, v2) = −2ℑ
∫

v1v2dx.

The Hamiltonian vector field XH of H is defined, for v ∈ Tu, by

ω(XH(u), v) = dH(u)v.

Therefore we have for v ∈ Tu that

−2ℑ
∫

XH(u)vdx = ℜ
∫ (

−∆u+ 2µ|u|p−1u
)
vdx

= ℑ
∫ (

−i∆u+ 2iµ|u|p−1u
)
vdx.
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It follows that
−2XH(u) = −i∆u+ 2iµ|u|p−1u,

i.e.,

XH(u) =
i

2
∆u− iµ|u|p−1u.

The flow S(t) of the Hamiltonian vector field XH satisfies, for any u0 and
for u(t) = S(t)u0,

ut(t) = XH(u(t)) =
i

2
∆u(t)− iµ|u(t)|p−1u(t).

This equation can be written as

iut(t) +
1

2
∆u(t) = µ|u(t)|p−1u(t).
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