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1 Introduction

We denote by Z(R™) the set of all linear maps R™ — R™. We take it as known
that with the operator norm

[A[l = sup{[|Av][ : v € R", [lo] <1}, A e BR"),

Z(R™) is a Banach space.

2 Autonomous differential equations
Lemma 1. If A € Z(R"), then

det(I+eA+o(e)) =1+ etrA+ o(e)
as € — 0.

Proof. Let A1,..., A, be the eigenvalues of A, repeated according to algebraic
multiplicity. For € > 0, the eigenvalues of I 4+ €A + o(e€) repeated according to
algebraic multiplicity are

1+er +o(e),..., 1+ e\, + o(e),

as € — 0. The determinant of a linear map R™ — R" is the product of its
eigenvalues according to algebraic multiplicity, so

det(I + €A+ o(e)) = [J(1 + eXe + o(e)),
k=1
as € — 0. But
[T +exc+o(e) =1+€d> A +o(e) =1+ etrA+ofe)
k=1

k=1

as € — 0. O



Theorem 2. If A € Z(R"), then

det e = 4

Proof. We have
A m
e = lim (I—i—) .
m—r o0 m
As det : B(R™) — R is continuous, we have
A m
dete = lim det <I + ) .
m— 00 m

Then, using Lemma 1,

dete? = lim (det (I + A))
m— oo m
= lim (1 + ltrA +o0 <1>>
m— oo m m

=
If A e B(R™), then the flow of the vector field A is
(t,x) — et
For each t we have ' € Z(R"), and by Theorem 2 we have
det(et4) = etr(tA) = ettrd,

Let A be Lebesgue measure on R™. If U is an open subset of R™, then

e U) = /mU dy = /U | det(De')(x)|dz = /U | det(e!)|dx = " AN(U).

Therefore, A is an invariant measure for the flow if and only if trA = 0, namely,
if and only if A is skew-symmetric.

3 Nonautonomous differential equations

Suppose that I is an open interval and A € C(I,Z(R™)). The set X of all
functions x : I — R”™ that satisfy the differential equation

#(t) = A(t)x(t)

is a vector space. For each t € T we define B; : X — R" by Bi(x) = z(t). It
is apparent that for each ¢ € I the map By is linear. For each xy € R™, by the



existence and uniqueness theorem for ordinary differential equations there is a
unique ¢ € X for which By(z) = xo, hence for each ¢ € I we get that B; is a
bijection, and hence a linear isomorphism.

Suppose that ¢1,...,¢, € X, and for each t € I let ®(¢) € B(R") be defined
by ®(t)e; = ¢;(t). Then

B(t)e: = < (B(Der) = dilt) = AWei(t), e,

dt
and hence
<I>(t) = A(t)P(1), tel. (1)

The Wronskian W = W (g1, ... ¢,) of the ordered set ¢1, ..., ¢, is the function
that assigns to each t € I the oriented volume of the parallelepiped spanned by

@1(t), ..., Pn(t). That is,
W (t) = det ®(t), tel.

Theorem 3. Suppose that I is an open interval and that A € C(I, Z(R")). If
@1,y...,0n € X, then the Wronskian W = W (¢, ..., ¢,) satisfies

W(t) = (trA(t))W(t), tel.

Proof. By (1), for each t € I we have

D(t+A) =

|
i
=

as A — 0. Using Lemma 1 we get

Wit+A) = det®(t+ A)

det ®(t) det(I + A(t)A + o(A))

det ®(¢)(1 + trA(t)A + O(A))

det ®(t) + det P(¢)trA(t)A 4 o (det D()A)
= det ®(t) + det P(t)trA(t)A + o(A)

NN NN

as A — 0, i.e.,
W(t+A)=W(t)+ W()trd(t)A + o(A),

which gives us

W(t) = (ttA()) W (t).



One checks that for any tg € I,

£ W (to) exp (/t trA(T)dT) . tel

to

is a solution of the differential equation in Theorem 3. For each ¢t € I we have
that v — (trA(¢))v is linear, and in particular is locally Lipschitz, so by the
existence and uniqueness theorem it follows that

W (t) = W(to) exp ( / t trA(T)dT) . tel

to

4 Jacobi’s formula
Let © be the volume form on R”, and let A € Z(R™). One checks that
Qxy,...,zn)det A= Q(Axy, ..., Azy), Z1,...,2, € R™ (2)

If wis an (n — 1)-form on R™, then there is a unique z,, € R™ such that for
all z1,..., 2,1 € R",

w1,y Tne1) = UTw, T1,. -y Tn1).
Thus, if g € R™ and we define an (n — 1)-form w by
w(@y, ..., xn_1) = Uz, Ax1,. .., Axy),
then there is some z,, with which
Oz, Az, ..., Axy) = QX X1, ooy Tpo1)-

We define adj A € B(R"™) by (adj A)(z¢) = x,. Thus, for z1,...,x, € R, we
have

Q(z1, Az, ..., Azy) = Q((adj A)z1, 22, . .., Tp). (3)
Hence
Q(Axy, Az, ..., Ax,) = Q((adj A) Az, xo, . . ., xy),
therefore
Q((adj A) Az, 22, ..., xn) = Qaq,...,2,)det A,
and because this holds for all z4,...,z, € R", it follows that

(adj A)A = (det A)I.

Furthermore, if A € #(R™), then one checks that for all z4,...,z, € R",

n

Q(scl,...wn)trA:Zﬂ(xl,...7Axi,...7xn). (4)

i=1



If I is an open interval and A € C*(I, Z(R")), we have, using (2) for the
first equality, (3) for the third equality, and (4) for the fourth equality,

L (err..en)der A0) = jtaw ers -, Altyen)
= ZQ 61,. . (t)ei,---,A(t)en)
= ZQel,.. (adj A(t))A(t)es, . .. en)
= Q(el, . en)tr((adj A()A(t)),
that is,

< det A(t) = (o) A1) A(1).

Kline p. 798, Jacobi [40], [41, §17], Felix Klein, 19th century, chapter V

5 Reynolds transport theorem

If V is a vector field with flow ¢ and U is a bounded open subset of R"™ with
piecewise smooth boundary and f : R™ x R — R"™ is smooth, then with U; =

¢t(U)a
Fy t)dy = / F(6e(2).£) det(Déy) (x)dx
U, U

this presumes that det(Dg¢;)(z) > 0. Write 2 = % + V- D. We then have

g, rwnar = 5 [ 5.0 derDo) @i

- / (DF)(1(). () det(Dby) ()

+2 (9u(), 1) det(Da) ) + F0n(a). 1)
f

= [ Do) ) det(Do) ) + F(u(w),1) 5 det(De) (x)d

det(Doy)(z)dx

Writing Ji(z) = det(D¢¢)(x), we have

[ty = [ ZH0) 05 + fon). ) G e

D

dt

Reynolds [73, pp. 12-13, art. 14]
Amann and Escher [4, p. 425, Theorem 2.11]



6 Symplectic geometry

7 Geodesic flow

Invariance of a kinematic measure on the unit tangent bundle.
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