UNCERTAINTY PRINCIPLES AND COMPRESSED SENSING

JORDAN BELL

In this paper I am careful to distinguish between the space of signals and the
space of their Fourier transforms.

Folland and Sitaram [4] give a survey of uncertainty principles in analysis.

First we will go through the talk by Emmanuel Candes and Terence Tao, “The
uniform uncertainty principle and compressed sensing”, Harmonic Analysis and
Related Topics, Seville, December 5, 2008.

Let G = Z/nZ. Let L(G) denote the set of functions from G to C. For T C G,
let L(T) be the set of functions from G to C whose support is contained in 7.

For = € G, define the Dirac delta function §, : G — C centered at x by

O

The set {0 }zeq is a basis for the vector space L(G). For f € L(G),
v)=> @)y, yeG.
zeG
We define an inner product on L(G) by
7 |G|Zf 7 f7g€L(G)'

zeG

The L? norm on L(G) is given by || fllr2(c) = (f, f}gQ That is,

1/2
1l = F(Z'f ) feL@).

z€G
We also define the L! norm on L(G) by

Il = 2 Ifte

ze€G
and define the L*™ norm on L(G) by

[ fllo(c) = sup [f(z)].
zeG
Let S! be the unit circle in C. Let G be the dual group of characters ¢ : G — S1;
see Rudin [10, Chapter 1] on the Pontryagin dual. G is (noncanonically) isomorphic

to G = Z/NZ. In particular, |G| = |G| = N
For f € L(G), we define its Fourier transform f : G — C by

|G|Zf ),  ¢eG.

zeG
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Lemma 1 (Fourier inversion formula).

fl@)=> f&éx), xzed.

3ge
Proof. Let x € G, x # 0. Let n € G such that n(z) # 1. Then
o) = Y E@m)n(—x)

¢ed ¢e@
= n(-2) Y E@n(a)
ce@
= n(—z) ) &(x).
ce@
But n(—z) # 0, so it must be that >, 5 &(z) =0if z # 0.
On the other hand, }_..5£(0) = |G| = |G|. Therefore, for any = € G (zero or
not),

S i) = % ﬁ S HEWE)
ceqd ccq yeG
- ) fg’) > &)
yeG ¢ed
f
DL DRy
yeG ceG
~ f(@).

O
For z € G, define y, : G — C by y,(£) = % for all £ € G. The set {Xz }zeq is

a basis for L(@) For f € L(@)7
FO=> f@x.(9, ¢ed.

z€G
Another basis for L(G) is {de}tecq
We define an inner product on L(G) by
(. da =D 19O
ced@
The L', L?, and L* norms on L((A?) are defined respectively by

1l 2@ = D 1F@)L,

ced

) L R 1/2
@ = o fra = (S 17OP)

ced

~

and R R
HfHLoo(@) = sup FACIIE
£eG
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for f € L(QG).
With these definitions of || - ||z 2(¢) and || - HLQ(@), the Fourier transform .# :
L(G) — L(G) is an isometry.
Lemma 2 (Plancherel identity). For f € L(G),
||f||L2(G) = ||f||L2(é)-
Proof.

172 = (F,

= |flZ2cy

the second last equality is because de@ &(z)é(y) is equal to 0 if x # y and |G| if
T =y. O

For H a subgroup of G, define the orthogonal complement H+ in G as
L—{¢e@:¢@x)=1 forallze H}.

Let 1z be the indicator function for H, that is, 1y (z) is equal to 1 if z € H and
Oifz ¢ H.

Lemma 3. If H is a subgroup of G then

1/;[ == ﬂlHL
|G

Proof. If ¢ ¢ H* then there is some x € H such that &(z) # 1. Then
> &) 2) > W)

yeH yeH

x) Y €lyr)

yeH

z) Y €(),

yeH

for as x € H and H is a subgroup of G, y — yz is a bijection from H to H. But
E(@) # 1,50 30 cpy&(y) =0 for § ¢ H+. On the other hand, if ¢ € H* then

ZyeH &(y) = |H|. Hence

yeG yeH
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O

The following proof of the Poisson summation formula is from Terras [13, p.
199].

Lemma 4 (Poisson summation formula). Let H be a subgroup of G and let f €

L(G). Then
|H| > Jg+h) =i L
heH (eHL
for any g € G.
Proof. Define f+:G/H — C by
Yo+ H)=) fle+h), «+HeG/H

heH

For n € CT/T?7 let £ € H* such that n(z + H) = &(x) for all z € G (indeed, there
is certainly a one-to-one correspondence between the characters of G/H and the
characters of G that are equal to 1 on H). Then,

(f“mem = >, fra+HnE+H)

x+HEeG/H

- Y S et e h

r+HeG/H heH

= Y f@)é@)

zeG
= [GIf(&);
the second last equality is because G is a disjoint union of the cosets of H.

Using the Fourier inversion formula for G/H,

1

fHg+H) = /] > (S memnlg+ H)
neG/H

- '|Z' S GIf(©)E()

EeEHL

i.e.,

|H‘fl(g+H) 5 > (9.

EeH+

Theorem 5 (Discrete uncertainty principle). For any non-trivial f € L(G),

|supp(f)|| supp(f)| > |G|.
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Proof. First,

2@ = ( > |f<§>|2)1/2

gesupp(f)

IN

R 1/2
> 1)

gesupp(f)
s s
= [supp(N)"*I1 /1l (&)

It follows from the definition of the Fourier transform that ||f||LQO(@) < | fllr ),
o

Hf”Lz(é) < |Supp(f)|1/2||f||L1(G).
Let 1gupp(s) be the indicator function for supp(f). By the Cauchy-Schwarz inequal-
ity,

| supp(/f)|"/?
1) = {fl Lsuppr))e < ez - ILsupp) lz2cey = 1 f 1|2 re]
Thus
; supp(/f)|"/?| supp(f)["/2
1Pl < PO IoweNIE, o
VIG|
By the Plancherel identity this gives us
: | supp(f)|"/? supp(f)|/? | »
VIG|

If f is non-trivial then ”fHL?(é) # 0 and we can divide both sides of the above
inequality by it. (]

There are two other versions of the discrete uncertainty principle given by Terras
[13, Chapter 14].

Let H be a subgroup of G and let 1y be the indicator function of H. By Lemma
3, supp(1g) = supp(ly ). But |[H| = |G/H|, so |supp(lg)||supp(1x)| = G.

Define the modulation operator Mgz : L(G) — L(G) by

Msf(x) = B@)f(x), Bel, zed
for all f € L(G). Define the translation operator T, : L(G) — L(G) by
ch(a):f(a+c)7 z,c€G

for all f € L(G).

MoF(E) = ﬁZMﬁf@)@

zeG

— %;' 3 B(a) f(@)E@)

zeG

= f(B7¢).
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%

~

—

o
|

‘—é' S T f(@)E@)
zeG

- ‘—élzfmc)@

zeG

- ‘—é' S f@)Ew =0

zeG

_ o e
= a2 [@E@

zeG

= &)/

Note that supp(Mpf) = supp(f) and that supp(i?) = supp(f).

If f € L(G) is non-trivial, then for some xo € G, f(z¢) # 0 and for some [y € CA?,
f(Bo) #0. Then 0+ (N) € supp(TxOMﬁg1f) and 1g € supp(ﬁ(TxoMﬁo—lf)).

The analogue of Gaussians for G are the indicator functions of subgroups of G.
This is because of the theorem proved by Donoho and Stark [3, Theorem 13] that
equality in the discrete uncertainty principle is attained precisely for translations,
modulations and multiplication by a constant of the indicators of subgroups. Our
proof of the theorem follows [3] and [9].

Theorem 6. If f € L(G) satisfies |supp(f)||supp(f)| = |G|, with 0 4+ (N) €

(
supp(f) and 1g € supp(f), then supp(f) is a subgroup of G and supp(f) s a
subgroup of G.

Proof. Let M = |supp(f)|, and take supp(f) = {r1 + (N),...,7ar + (N)}. Define
¢: G — Gby ¢(k+(N))(r+(N)) = e2™*/N for all k+(N),r+(N) € G = Z/NZ.
For 0 < p < N — M, define w® € CM by

2=

w? = f(¢(p+k+ (N))) NG+ k+ (V)T + (V)

6727ri(p+k)rj/N

2|~

> fr+(
r+(N)eG
M
> fri+ (V)

fork=1,..., M. Define the M x M matrix Z by Z, ; = zf“c, 1 <4,k < M, where
zj = e 2™i/N Let u= (f(ri+(N)),..., f(rm+(N))) € CM. Then w® = & Zu.
Thus wP) = 0 if and only if u is in the kernel of Z. Certainly u # 0 in CM | since
i+ (N),...,ra + (N) € supp(f). Therefore to show that w® # 0 it suffices to
show that det Z # 0.

We have
p+1 p+1 p+1
Zl+2 Z2+2 P 2%2
p p p
21 22 T AM

p+M p+M p+M
Zl 22 PR ZM
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S0
Zl 22 ... ZM
PP . P 44 A PP P
det Z = zjzy -+ 2 | . _— | =212 2y det(V).
M M M
1 A2 M

det V' is a Vandermonde determinant and is equal to z129 - - - 2 H1§j<k§M(Zj —2);
see [8]. Then det Z = PT1.0%" ... o0kt [Ti<jcr<nr(2i — 2x). But all the 25,1 <
J < M, are distinct, so det Z #0 and hence for all 0 < p < N — M, w® # 0.

We have just shown tha:c fo¢ does not have M consecutive zeros. By assumption
d(0+ (N)) = 1g € supp(f). Because |supp(f)| = N/M, we therefore have

supp(f) = ¢({0+ (N), M + (N),2M + (N),....N = M + (N)}),

as if there were a gap of length < M — 1 between elements in supp(f ) then there
would also have to be a gap of length > M between elements in supp(f). This is a
subgroup of G. Likewise, supp(f) is a subgroup of G. O

Now we prove another uncertainty principle which we shall see implies the dis-
crete uncertainty principle.

Theorem 7 (Entropy uncertainty principle). Let f € L(G) such that || f||r2c) = 1.
Then

2|G|Z|f o) P log ()] + 5 317 P log | 7€)] < 0.

EGG

Proof. The Hausdorfl-Young inequality [7, Theorem 2.1, Chapter IV, p. 111] is
that

”fHLP/(é) < ”fHLP(G)’ f € L(G)a
for all 1 < p <2, where p’ = p/(p—1) is the dual exponent to p, namely p’ satisfies
L1
= 4 - = 1 Let
p P
A) = 1@ — 1l o3
Let’s write out what A(p) is equal to.

Alp) = Glﬂ/,,(;}fw) - (S iiere- ”)MP — B - C(p).

e

log B(p) = —— 1og Gl + 2 1og > If(=
p zeG
and

B'(p) 1og|G| i 1zzeG|f<z>|plog|f<:c>|
Bly) log 3_ /(@) S lF@P

Since || f||z2(q) = 1, we have B(2 ) =1 and erc |f(z)]? = |G|. Thus

B'(2) 2|G| > |f(@) log | f(x)]-

zelG
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Likewise,
log C(p) = logZ\fl”/(” Y,
ceG
and
C'(p) 1 Yeea IF QPP D log | ()]
= 71 p/ p—1) 3 _
Cp) °g£'f P s f@re

Because ||fHL2(é) =1,C(2) =1 and

'2) = —5 S IFOF gl F(©)L.

£eG
Therefore
A'(2) 2|G| Z £ tog £ @) + 5 3 17O og F(©)].
SEG
As A(p) >0for 1 <p<2and A(2) =0, 4A'(2) <0. O

The above theorem is called the entropy uncertainty principle because it can be
formulated in terms of the entropies of | f|* and |f|?. The entropy of |f|? is

h(If1%) ‘G‘ > |f (@) log| f(x))”
z€G
and the entropy of |f|2 is
WIf1P) = =D 1O P log (€.
ced
The discrete uncertainty principle follows from the entropy uncertainty principle.

Corollary 8 (Entropy uncertainty principle implies discrete uncertainty principle).
If f € L(G) then

|supp(f)||supp(f)| = |G|.
Proof. Jensen’s inequality [5, Theorem 86] is that if ¢ is a convex function on the

interval [a, b], then for z1,...,z, € [a,b] and any p1,...,p, >0,
¢<Z?_1 pixi) < Z?:1 pz¢($z)
Z?:l DPi - Z?:l Di
Thus we have (since ¢(x) = —log x is convex)
|f(z 1 ) |f()[? |f(z
log ( > log f(@)].
2 CREE) 2.6 I -2 a
So
|f(z ( L
-> f@) < log( Y]
hoere |G‘ hoere |G|
= 10g(<|f|a 1supp(f)>G)
< log(llfllc2c) 1 Lsuppir) l L2(a))

‘1/2

o (10801
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Equivalently,
1/2
5GP log (@) = _;mg('“pgﬁl' ).
xeG
Also
1
I FOR— )_ FOR1og —— = — S |f(©)[2 log | f(
Og(é'”'lﬂé)l &Z(;I()I ‘f o ;G P log |F(€)].
So

- Y li@reeliol < g X170

e ced
1og ({11, Lyupp(7)))

10g(||f||L2(é)Hlsupp(f)Hm(é))
log | supp(f)[*/2,

IA

which is equivalent to

1 p A 1 .
5 2 1F(©)FF log| f(€) = —3 log | supp(f)['/*.
eed
Thus by Theorem 7 we get that

( | supp(f)[*/?

1 1 12

hence

| supp(f)[*/2| supp(f)[*/2
os G172 =0
which implies that

| supp(f)|"/?|supp(f)|!/? -

|G|1/2 -

O

We saw in Theorem 6 that the only f € L(G) for which | supp(f)||supp(f)| = |G]
are modifications of indicator functions of subgroups of G. But what if the only
subgroups of G are the identity and G itself? Then it becomes possible to get a
better inequality.

The following result is due to Tao [12].

Theorem 9 (Uncertainty principle for cyclic groups of prime order). Suppose that
|G| = p is prime. Then for all non-trivial f € L(G),

|supp(f)| + | supp(f)| > p + 1.

We will prove several lemmas first and then prove the above theorem.

Lemma 10. Let p be a prime, n a positive integer, and let P(z1,...,z,) be a poly-
nomial with integer coefficients. If wy, ... ,w, are pth roots of unity (not necessarily
distinct) such that P(w1,...,w,) =0, then P(1,...,1) is a multiple of p.
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Proof. Let w = €?™/P. Then for each 1 < j < n, we can write w; = wh for
some 0 < k; < p. Define Q(z) € Z[z] to be the remainder when P(z*1,..., 2%) is
divided by zP —1. Because p is prime, the minimal polynomial of w is the cyclotomic
polynomial ®,(z) =142z + -+ 2P~ But Q(w) = 0 and deg Q(z) < p, so Q(z)
is an integer multiple of ®,(z). Therefore Q(1) = P(1,...,1) is an integer multiple
of ,(1) =p. O

The following important lemma is due to Chebotarev [11]. Our proof of the
lemma is from Tao [12]. I give more details than are necessary about the differen-
tiation of D(z1,..., 2,) because this was a statement that was clearly true after a
bit of thinking, yet it was not immediately clear how to write down a formal proof
of it, since each time we apply zd% there is a new term that we have to differentiate
when we apply z% next time. Now that I've written down all of this it is more
evident.

Lemma 11. Let p be a prime and let 1 < n <p. Let 0 < xy,...,z, <p—1 be dis-
tinct and let 0 < &1,...,&, < p—1 be distinct. Then the matrix (62“”15’€/p)1§j,k§n
has nonzero determinant.

Proof. Let w; = €*™@i/P. We have to show that det(wjg’“)lgj,kgn. First, define
D(z1,...,2n) € Zlz1, ..., 2] by

(1) D(z1, ..., 2n) = det(25) 1<) hen-

Certainly D(z1,...,2,) = 0 when z; = z; for any 1 < i < j < n. Therefore we
can write

D(Zla"'azn):P(Zla"'azn) H (ijzi)'

1<i<j<n

Observe that

<d6zln)n_l I[I G-20=(c-0" I -2,

1<i<j<n 1<i<j<n

and thus
() ()G I = b2t
n- n 1<i<j<n

For T,, = xD,, where D, f is the derivative of the function f with respect to z,
n
(2) (T)" =Y S(n, k)a*(Dy)",
k=1

where S(n, k) are the Stirling numbers of the second kind. S(n, k) is the number of
ways to partition a set of n objects into k groups. Equivalently, they may be defined
using the recurrence S(n, k) = kS(n —1,k) + S(n — 1,k — 1), 1 <k <n, with the
initial conditions S(n,n) = S(n,1) = 1. Using this definition it is straightfoward
to prove (2) using induction. Then

d d n—2 d n—1
... _ el =T, ...Tn—27pn-1
(Z2d22) (Z" ldzn,l) (Z"dzn) %2 Fn-1"2Zn
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and
T, TP T2 = S(1,1)22D,, - Z S(n —2,ky_1)zp Dl
kn—1=1
n—1
> S(n—1,ky) 2k D
kn=1
At the point 21 = --- =z, =1,

n—2 n—1
S Dz, Y S —2,ky_1)DE=1 > S(n— 1, k) Db

kn_1=1 kn=1

n—2 n—1
S N S 1) S - 2. ku1)S(n — 1, ky)Ds, - - D1 Dl
kn_1=1k,=1

When the above is applied to D(z1, ..., 2,) = P(21, ..., 2n) [[1<j< <, (25— %) at the

point z; = - -+ = z, = 1, only the term in which all the differentiation operators are
applied to [],.;;<, (2 — 2;) is nonzero, as otherwise there are factors z; — z; that
are equal to 0 at z; = --- = 2, = 0. Therefore the above applied to D(z1, ..., z,)
at the point zy = -+ =z, = l is equal to P(1,...,1)(n — 1)!(n —2)!--- 1.

By the definition (1) of D(z1,...,2y),

(d%) (ﬁt)”(%)””mzl, )

:(%) (#)n_g(é)n Z sgn(o Jl;[l jﬁou)

oESy
= Z Sgn n (n) a n— 1) 5‘7(2) I H Zj
ocES,
Evaluated at the point z; = --- = z,, = 1 this is equal to
1 & gi ?*1
no 1 & & - 4
-1
Yosa) [[&5=1. © © . .= 1] @-%.
€Sy j=1 - . : . 1<i<j<n

1 gn fi fﬁ_l

Since 0 < &,...,&, < p—1 are distinct, this product is not divisible by p. This
product is equal to P(1,...,1)(n — 1)! (n — 2)!.--1; therefore P(1,...,1) is not

divisible by p. Thus by Lemma 10, P(w1,...,wy,) # 0. But
D(wr,...,wp) = Plwi,...,wp) H (W — wj)
1<j<k<n
and the w; are all distinct, so D(wn,...,wy) # 0. O

Let p be prime and take A C G = Z/pZ and A C G with |A| = |A|, and define 7 :
L) — L) by 7() = 1( See (€05 ) = e FOe. For F : 1(G)  L(G)
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the Fourier transform and ¢ : L(A) — L(G) the inclusion map, let 4 = w0 % o .
L(G) —Z— L(@)
L(A) —2— L(4)

A C G with |A| = |A|, the map 4 : L(A) — L(A)

Theorem 12. For A C G and
defined above is an isomorphism.

Proof. Let A= {zy,...,2,} CGand A= {&,...,&,} CaG.

For x € G and n € @, <fim5n>é = %’ S0

— &(@)
b6, = O¢. .
j; |G| &5

Therefore with the basis {0s,,...,0s,} for L(G) and the basis {J¢,,...,d,} for

~

L(G), the matrix for the linear map ¢ is
Gi(z1) &i(2)

1| &) &)

|G| . .

7%

1(zn)
2($n

Iy
~

&) Gl - Glon

For 0 < ry,...,r, <p—1such that ; = r; + (p) and for 0 < hy,..., h, <p—1
such that &;(x;) = e~ 2" for all 1 < j,k < n, this is equal to

eQwihlrl/p 6271"”11’!‘2/}') L. eQﬂ'ihlrn/p

1 627Tih2T1/p e2mihars /p ... eQﬂ'ihzrn/p
|G| : : :

e2mihnr1 /p e2mihnrs /p ... eQ‘n’ihnrn/p

By Lemma 11 this matrix has nonzero determinant. Therefore 4 : L(A) — L(A)
is an isomorphism. ([l

Proof of Theorem 9. Suppose by contradiction that there were some non—triXial
f € L(G) such that |supp(f)| + |supp(f)] < p. Let A = supp(f). Then |G —
supp(f)| > |Al, so there is a subset A C G —supp(f) with |A| = |A|. But 4(f) =0

yet f|a # 0, contradicting that ¢ : L(A) — L(A) is an isomorphism. O

Most subsets of G = Z/NZ are not of the form of the supports of the functions
in Theorem 6. The number of subgroups of G = Z/NZ is d(N), where N is the
the number of positive divisors of N, e.g. d(6) = 4. If o(N) is the sum of the
positive divisors of N, e.g. ¢(6) = 12, then the number of cosets of subgroups
of G = Z/NZ is d(N)o(N). But d(N) = O(N?) for all § > 0 [6, Theorem 315]
and o(N) = O(N'*?) for all § > 0 [6, Theorem 322]. So the number of cosets of
subgroups of G is O(N'*?) for all § > 0. The number of subsets of G is 2V. Hence
the proportion of subsets of G that are cosets of subgroups is O(NH“SZ_N) for all
6 > 0, which is minuscule.

Now we shall go through Terence Tao’s blog entry “Ostrowski lecture: The
uniform uncertainty principle and compressed sensing”, April 15, 2007.
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If f e L(G) and A C G and we can measure f(£) for £ € A, can we uniquely
reconstruct f from this information? Let us put this another way. Let f € L(G).
For A C CA}', is there a unique g € L(G) such that g|a = f|A? Of course if there
is such a unique g then g = f. If A = G then using the Fourier inversion formula
there is a unique g satisfying

(3) gla = fla.

Now, the Fourier transform is an isomorphism of the vector spaces L(G) and L(G),

and we can define g € L(G) by defining § € L(G). If A # @ then there is some
& € G — A. Take (&) to be equal to f(f) for € # &y and take §(&) # f(fg). Then
(3) is satisfied but g # f.

We say that f € L(G) is S-sparse if |supp(f)| < S. If we know that f € L(G)
is an S-sparse function and A C G and we can measure f (&) for & € A, can we
uniquely reconstruct f from this information? Again, let us put this another way.
Let f € L(G) be S-sparse. For A C G, is there a unique S-sparse g € L(G) such
that §|A = f|A?

Having unique reconstruction of all S-sparse signals is a property of pairs of .S
and A. We have unique reconstruction with A and S if and only if for each 25-
sparse f € L(G), measuring f on A can determine whether f € L(G) is the zero
function.

Lemma 13. Let A C G and let S be a positive integer. The following are equivalent:
(1) for all S-sparse f € L(G) there is a unique S-sparse g € L(G) such that

ala = fla
(2) for all non-trivial 2S-sparse f € L(G) there is some & € A such that f (&) #
0

Certainly to reconstruct all S-sparse signals by measuring them on A we will
need that |A| > S. In fact, it is necessary that |A| > 2S.

Lemma 14. A necessary condition for the statements in the previous lemma to be
true is that |A| > 25.

Proof. Suppose that |A| < 2S. Let U = {0+(N),S+(N),S+1+(N),...,25+(N)}
and let 4 : L(U) — L(A) be defined by ¢ = m0.% o, where ¢ : L(U) — L(G) is the
inclusion map and 7 : L(G) — L(A) is the projection map. L(U) has dimension 25
while L(A) has dimension |A| < 25, so there is a nonzero element, say f € L(G),
in the kernel of ¢. Write f = f1 — fa, f1, f2 € L(G), where f; is supported on
{1,...,S}and f; is supported on {S+1,...,2S5}. Then f1, f2 are S-sparse functions
and f1| A= f2| A, contrary to the first statement in the previous lemma. O

If we can get the Fourier support of sparse signals to be big enough, then they
will have to intersect A. This is where uncertainty principles come into compressed
sensing.

The discrete uncertainty principle (Theorem 5) tells us that we have unique
reconstruction for A and S if [A| > N — £, which hardly tells us anything.

The uncertainty principle for cyclic groups of prime order (Theorem 9) tells us
something much better. It gives us unique reconstruction for A and S if |A| > 285,

which as we saw in Lemma 14 is the best possible.
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The paper [1] of Candes, Romberg and Tao shows that most choices of frequencies

A C G are good choices: The uniform uncertainty principle (usually summing
|£(€)|? over a big enough A will pick up its fair share of the L? energy)

When there is noise, Dirac comb examples exist for Z/pZ using adapted bump

functions on arithmetic progressions. Reconstruction of non-sparse signals (when
there are S possibly large coefficients and then the rest of the coefficients decay
according to a power law, i.e. the nth coefficient decays as O(n~'/?) for some
p > 0) is dealt with in the other paper by Candes and Tao [2].

10.

11.

12.

13.
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