CHAP. X1V, OF ALGEBRA. 413

adopted at first, p» — 2¢*; for since £ = 3, and v =2, we
have r = 9, and s = 4 whercfol‘ep = 81 — 82 = 49, and
g = 72; whence p* — 2¢° = 2401 - 10868 = — 7967.

CHAP. XIV.

Solution of some Questions that belong to this part of
Algebra.

212. We have hitherto explained such artifices as occur
in this part of Algebra, and such as are neccessary for re-
solving any question belonging to it: it remains to make
them still more clear, by adding here some of those questions
with their solutions. .

213. Question 1. To find such a number, that if we add
unity to it, or subtract unity from it, we may obtain in both
cascs a square number.

Let the number sought be 2 ; then both z 4+ 1, andae — 1
must be squares. Let us suppose for the first case x+1 =72,
we shall have x = p* — 1, and @ — 1 = p* — 2, which
must likewise be a square. Let its root, therefore, be re-
presented by p — ¢; and we shall have p* — 2 = p® —

230
2pg + ¢%; consequently, p = (]—Q_;—N Tlence we obtain

g* -+ 4
4q°

even a fractional one.

= , i1 which we may give ¢ any value whatever,

- 41 fgh
D7 7t 4s
If we therefore make ¢ = 550 that w:—%,we shall

have the following values for some small numbers :
Itr=1,12, 1,] 8, | 4
ands =1, | 1 2,1 1,| 1,
we haye TSl 5. | 22, | 25, | 85
214. Question 2. To find such a number x, that if we
add to it any two numbers, for example, 4 and 7, we obtain
in both cases a square.
According to this enunciation, the two formule, z + 4
and @ + 7, must become squares. Let us therefore suppose
the first  + 4 = p?, which gives us @ = p® — 4, and the

~
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second will become a + ¥ =p* + 3; and, as this last
formula must also be a square, let its root be represented by
P + ¢, and we shall have p* -8 = p* + g + ¢°; whence

. 3—¢° —22¢" +¢*
we obtain p = —qu-, and, consequently, x = £ 79

9

44°

. . r
and 1f we also take a fraction 5 for ¢, we find

st —22r%s 14
4res®
s any integer numbers whatever.

If we make » =1, and s = 1, we find x = - 3; there-
forex +4=1,and x + 7 = 4.

If « were required to be a positive number, we might
make s = 2, and » =1; we should then have x = 3Z,
whence  + 4 = 25, and @ + 7 = 152.

If we make s = 8, and » = 1, we have » =23 ; whence
z+4="18,anda + 7T="26

In order that the last term of the formula, which ex-
presses x, may exceed the middle term, let us make » =5,
and s=1, and we shall have r=21; consequently, » -4 =121,
and @ 7 = 25,

215. Question 3. Required such a fractional value of z,
that if added to 1, or subtracted from 1, it may give in both
cases a square.

Since the two formule 1 4- 2, and 1 — 2, must become
squares, let us suppose the first 1 4 2 = p2 and we shall
have @ = p® — 1; also, the sccond f'ormu{a will then be
1 —>r=2— p% As this last formula must become a
square, and neither the first nor the last term is a square,
we must endeavour to find a case, in which the formula does
become a O, and we soon perceive one, namely, when p =1.
If we therefore make p =1 — g, so that » = ¢* — 2g, we
have 2 — p* =1 + 2¢ — ¢*; and supposing its root to be
1 —gr,weshallhave 1 42¢ — ¢° =1 — 2r + ¢°7°; so

, in which we may substitute for 7 and

992
that 2 — ¢ = — 2r + ¢r*, and ¢ = ——; whence results
7° 41
4r—493 . . . . t
x = ————,; and since r is a fraction, if we make »r = —,
(m+1)° u

4t —4tPe dtu(u’ —1t ) Tere it 1< ok
(t’ Ty = (P +u”)”' , wlhere it 1s evi-
dent that % must be greater than ¢.

Let therefore » = 2, and ¢ =1, and we shall find @ = 22,

we shall have z =
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Letw = 3, and ¢t =
the formule 1 42 =
squares.

216. Question 4. To find such numbers z, that whether
they be added to 10, or subtracted from 10, the sum and
the difference may be squares.

It is required therefore, to transform into squarcs the
formulee 10 + 2, and 10 — @, which might be done by the
method that has just been employed; but let us explain
another mode of proceeding. It will be immediately per-
ceived, that the product of these two formule, or 100 — 27,
must likewise become a square. Now, its first term being
already a square, we may suppose its root to be 10 — pa,
by wlich means we shall have 100 —22=100—2Cpx -+ pa”;

)5 ()

2; we shall thenhavea = 122 and
8 v — 1
289, and 1 — o = 22, will both be

Z0p oy
therefore p’x + 2 = 20p, and @ = ;Ll’ now, from this it
[

is only the product of the two formulae which becomes a
square, and not each of them separately. But provided one
becomes a square, the other will necessarily be also a square.

10p° + 20p + 10 10(p* + 2p + 1)

Now 10 + 2 = rs| | , and
since p* + 2p -~ 1 is already a square, the whole is reduced
10p* 410

. . 10
to making the fraction —, or , a square also.
~+1

r- (p*+1)
For this purpose we have only to make 10p* 4 10 a square,
and here it 1s necessary to find a case in which that takes
place. It will be perccived that p = 3 is such a case;
for which reason we shall make p = 3 -+ ¢, and shall have

100 4 60g + 104%.  Let the root of this be 10 -- g¢, and

we shall have the final equation,

100 - 60g + 10¢¢ = 100 - 20gt -+ ¢°¢2,

] . 60— 20¢ :
which gives ¢ = 10 by which means we shall deter-
. o 20p
mine p =3 + ¢, and & = port

Let ¢t = 3, we shall then find ¢ = 0, and p = 3 there-
fore x = 0, and our formule 10 + 2 = 16, and 10 — & =4.

Butift =1, we have ¢ = — %2, and p = — %3, so that
o =— *3*; now it is of no consequence if we also make
x = 23*%; therefore 10 -+ 2 = 484, and 10 — o = 19,
which quantities are both squares.

217. Remark. If we wished to generalise this question,
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by demanding such numbers, x, for any number, @, that
both @ +- @, and @ — 2 may be squares, the solution would
frequently become impossible ; namely, in all cases in which
a was not the sum of two squares. Now, we have already
seen, that, between 1 and 50, there are only the following
numbers that are the sums of two squares, or that are con-
tained in the formula @* -}~ 22:

1,2 4,5,8, 9, 10, 18, 16, 17, 18, 20, 25, 26, 29, 32,
34, 36, 37, 40, 41, 45, 49, 50.

So that the other numbers, comprised between 1 and 50,
which are,

3, 6, 7, 11, 12, 14, 15, 19, 21, 22, 23, 24, 27, 28, 80,
31, 33, 35, 38, 89, 42, 49, 44, 46, 47, 48, cannot be re-
solved into two squares ; consequently, whenever a is one of
these last numbers, the question will be impossible; which
may be thus demonstrated: Let a -2 =p? and ¢« — 2=¢?,
then the addition of the two formule will give 2a = p* + ¢*;
therefore 2¢ must be the sum of two squares. Now, if 2a
be such a sum, a will be so likewise *; consequently, when
a 1s not the sum of two squares, it will always be impossible
for ¢ + x, and @ — , to be each squares at the same time.

218. As 3 is not the sum of two squares, it follows,
from what has been said, that, if « = 3, the question 1s im-
possible. It might, however, be objected, that there are,
perhaps, two fractional squares whose sum is 3; but we

2 2

9 o o 0 0 r
answer that this also is impossible: for if ' 4+ — =8, and
qz 6,2

we were to multiply by ¢>s*, we should have
8q*s* = p*s* 4 ¢*»*; and the second side of this equation,
which 1s the sum of two squares, would be divisible by 3 ;
but we have already seen (Art. 170) that the sum of two
squares, that are prime to each other, can have no divisors,
except numbers, which are themselves sums of two squares.
The numbers 9 and 45, it is true, are divisible by 3, but
they are also divisible by 9, and even each of the two
squares that compose both the one and the other, is divisible
by 9, since 9 = 3* 4+ 0%, and 45 = 6% 4~ 3*; which is
therefore a different case, and does not enter into con-
sideration here. We may rest assured, therefore, of this
conclusion ; that if a number, a, be not the sum of two
squares in integer numbers, it will not be so in fractions.

* Tor, leta2 + ° =2z ; and put e = s + d, and y == 5—d;
then (s+8)2+(s—d)*=2s2+2d*: that is, 2*+y* =252+ 2d*=2a,
“ors’4d’=a. B.
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On the contrary, when the number a is the sum of two
squares in fractional numbers, it is also the sum of two
squares in integer numbers an infinite number of ways:
and this we shall illustrate.

219. Quesiion 5. To resolve, in as many ways as we
please, a number, which is the sum of two squares, intc
another, that shall also be the sum of two squares.

Let f2 4 g° be the given number, and let two other
squares, 2° and g?*, be required, whose sum 22 -~ %* may be
equal to the number f* - g% Here it is evident, that if 2
is either greater or less than f; y, on the other hand, must
be either less or greater than g: if, therefore, we make
x = f+ pz, and y = g — ¢z, we shall have

S Y pt g - g g =0 g5
where the two terms = and g° ave destroyed ; after which
there remain only terms divisible by =, So that we shall
have 2fp + p°z — 209 + ¢°2 = 0, or p’z + ¢°2=2g9—Yp;

Qg — O
therefore z = w?, whence we get the following values

P
RePI (=P g

P+q° i
0 o o
‘Mﬁg——i—); in which we may substitute all pos-
P9

stble numbers for p and ¢.

If 2, for example, be the number proposed, so that
f =1, and g =1, we shall have 2° 4~ * = 2; and because

for # and y, namely, « =

:,/l':

[9) B P \ %) BB
= 'ﬂnif_q_!_]l, and y = %;i, if we make p =2,
e i

and ¢ = 1, we shall find x = §, and y = L.

990. Question 6. If a be the sum of two squares, to
find such a number, z, that « + 2, and @ — x, may become
squares.

Let a =18 =9 + 4, and let us make 13 4« = p?,
and 18 — & = ¢% Then we shall first have, by addition,
26 = p* + ¢%; and, by subtraction, 2z = p* — ¢*; con-
sequently, the values of p and ¢ must be such, that p* +- ¢*
may become equal to the number 26, which is also the sum
of two squares, namely, of 25 + 1. Now, since the ques-
tion in reality is to resolve 26 into two squares, the greater
of which may be expressed by p*, and the less by ¢*, we
shall immediately have p = 5, and ¢ = 1; so thatx = 12.
But we may resolve the number 26 into two squares m an

LE
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infinite number of other ways: for, since p = 5, and ¢ = 1,
it we write ¢ and u, instead of p and g, and p and ¢, ins tead
of w and », in the formule of the foregomng example,
we shall find
Qtu- 50wt —i%) d 10¢u~+-#—
=% oandg = ————y
P t*~ut 1 e
Here we may now substitute any numbers for ¢ and %, and
by those nieans deiermine p and ¢, and, consequently, alzo

! ) — g°
the value of @ = ]———O—q—.
-~
For example, let £ = 2, and « = 1; we shall then have
» = 4, and g = %3; wherefore p* — ¢* = 425, and
204

F= s

Q1. But in order to resolve this question generally, let
¢ = ¢ + d% and put = for the unknown quamlt) s that is
to say, the tommlm a+3, and a -z, must become squares.

Let us therefore ma!\e 6 +z=2%anda -z = y", and
we shall thus have first 26 = 2(c¢* + d") = a° + v?, then
Q2 = 2> — 2. 'Therefore the squares 2° and »* must be

such, that a* + 2° = 2(¢* + d%); where 2(c® + ) is really
the sum of two squares, namely, (¢ + d)* + (c d)*; and,
m order to abbreviate, let us suppose ¢ + d = j/ uﬂd
c—d=g; then we must have a? + y* = f*+ g*; and this
will happen, according to what has been a]re(tdy said, when

= patf =) g, = PPIER =)
7 C 5
T e T rte

from which we obtain a very casy solution, by making

°)

o
— . L —

p=Yand g = 1; for we find 2 = 5 =g =c— d, and
W) =)= @ 3F d, consequenth, ~ = Qed; and it 1s evident

that @ 4+ z = 2ed + d* = (¢ + d)°, and
a—s=c¢"—=2d+ & = (c — d~-
Let us attempt another solution, by makinw' = L5

c—ui Te+d

q = 1; we shall then have 2 = yand y = .
5

where ¢ and d, as well as 2 and Y, may be taken minus,
because we have only to consider their squares, Now, since
a must be greater than g, let us make ¢ negative, and we

c+47d ‘{.'——(7

shell' have st =S==— an@ii—
15

Shance Y SE—

“



CUAP. XIV. OF ALGEBRA. 419

24d'4-14ed —24¢? . .
5= a QS ©, and this value being added to
]

. ¢ -lded +494d° 4
a = ¢* + d*, gives ————=———, the square root of which
~d

c+d
=

49¢*—14ed 4 3> . ¢ Te —
. which is the square o E

of these two square roots being , and the latter y.

222. Question 7. Required such a number, z, that
whether we add unity to 1tself, or to its square, the result
may be a square.

Tt 1s here required to transform the two formule » -+ 1,
and 2» + 1, into squares. Let us therefore suppose the
first @ 41 =p?; and, because z = p* — 1, the second,
22 4+ 1 =p*— 2 + 2, must be a square: which last
formula is of such a nature as not to admit of a solution,
unless we already know a satisfactory ease ; but such a ease
readily occurs, namely, that of p=1: therefore let p=1+4g¢,
and we shall have 2*4-1 = 1 4 4¢° + 4¢* + ¢*, which may
become a square in several ways. '

1. If we suppose its root to be I+ ¢*, we shall have
1 4 4¢° + 4¢° 4+ ¢* =1 + 2%+ ¢*; so that 49+ 44 =2¢,
or 4 + 49 = 2, and ¢ = — L; therefore p =1, and
3

is

If we then subtract z from @, there remains

; the former

2 = - .
9. Let the root be 1 — g3 and we shall find
1 4+ 4¢* + ¢ + ¢* = 1—2¢° + ¢*; consequently ¢ =— 3,
and p = — 1, which gives 2 = — %, as before.
8. If we represent the root by 1 +- 2¢ ~F ¢*, in order to
destroy the first, and the last two terms, we have

L4 4g +g' 49 = L+ 40 + 6+ 4g" + o,
whence we get g = — 2, and p = — 1; and therefore
7w =

4. We may also adopt 1 — 2¢ — ¢* for the root, and
in this case shall have

1449 +4¢° + ¢* =1 — 49 + 2¢° + 4¢° + ¢*;
but we f{ind, as before, ¢ = — 2.

5. We may, if we choose, destroy the first two terms,
by making the root equal to 1 + 2¢*; for we shall then
have 1 + 4> 4 4¢° + ¢* = 1 + 4¢° + 4¢*; also, ¢ = 4,
and p = 75 consequently, » =+°; lastly, v41 =142 =(2),
andie? + 1 = TOERE—RE) 2

EE 2
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A greater number ¢f values will be found for ¢, by
making use of those which we have already determined.
Thus, having found ¢ =— X; letnow ¢ =— % + 7, and
we shall have p =L+ 75 also, p* =L + r 4 7% and
pr=% 4 Ar + 3% 4 2% 4+ 75 whence the cxpression

pr—p? - 2=25 — 3r — 1p* Q3 + i,
to which our formula, 22 + 1, is rednced, must be a square,
and it must also be so when multiplied by 165 in which ease,
we have €5 — 247 — 87° -} 8% -+ 107 to be a square.
For which reason, let us now represent
1. Theroot by 5 4 fr & 475 so that
B — WUr — 83203+ 1614 =
25 4 10f £ 40r° | 2 + 8° 4 162"

The first and the last terms destroy cach other; and wemay

destroy the second also, if we make 10f'= — 24, and, con-
sequently, /= — 123 then dividing the remaining terms
by 7%, we have — 84 8% = & 40 - /% + 8fr; and, ad-
- ' 48 -2
mitting the upper sign, we find » = 8—0———%;7 Now, be-
cause f == — %2, we have » = 2%; therefore p = ii, and
T = 3855 so that x 4- 1 = 33)% and 2* 41 = (32).
2. I{ we adopt the lower sign, we have
— 8 + 3% = — 40 + f* — §f7,
f*— 82
whenee 7 =“%2=———"; and since f = — %, we have
32 + 8 ° ¥ P
7 = — 445 therefore p = 1%, which leads to the preceding

equation.
3. Let 4r° + 47 + 5 be the root; so that
164 4 8275 — 8° — Q4r + 95 =
16+ + 32-7° + 407 + 160 + 40r + 25:
and as on both sides the first two terms and the last destroy
each other, we shall have

— 8r—24 = 4 40r 4 167 + 40, or
— Qhr — 24 = L+ 40r + 40.

Here, if we admit the upper sign, we shall have
— 24y — 4 = 40r 4 40, or 0 = G4r + G4, or
O0=7r41 that is r=—1, and p =— I; but this is a
case already known to us, and we should not have found a
different one by making use of the other sign.
4. Let now the root be 5 - fi - &%, and let us deter-

mine # and g so, that the first three terms may vanish:
then, since )
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5 — gz — 82 +8203 + 16/t =
Q5 4 10/ + 1074 + 1007* + 9z + girt,
we shall first have 10f=— 24, so that f'=— *; then
) —8_f* —81 —172
10g4-f*= ~ 8 or g = o = 250= 195

When, therefore, we have substituted and divided the ve-
maining terms by #%, we shall have

82 +16r = Yo +g°r, and » = 1o

Now, the numerator 22 — 32 becomes here

o4 x 172-82x 625 —82x 496 —16x 82 x 51
5)(125 - 625 o ;05 3 and

the denominator
8 x 82 x 41 x 21

Q= S ) —328 672
1() g ""(~L g)'((4‘+8)—715 X'l'fs‘— 95X625 °
4 s A ; — 223
so that r=—135°; and hence we conclude that p=—%239,

by means of which we obtain a new value of & = p* — 1.

223. Question 8. Lo find a number, 2, which, added to
cach of the given numbers, a, 0, ¢, produces a square.

Since here the three formule x + a, 2 + 8, and 2 5 ¢,
must be squares, let us make the first 2 4 ¢ = 2% and we
shall have x = 2* — 4, and the two other formula will be
changed into 22 + b — @, and 5* - ¢ — a.

It is now required for cach of these to be a square; but
this does not admit of a general solutien: the problem is
frequently impossible, and its possibility entirely ({cpends on
the nature of the numbers & — «, and ¢ — @. For example,
ifo—a=1andc — a=—1,thatis tosay, if b =a+1,
and ¢ = a — 1, 1t would be required to make =* -} 1, and
%% — 1 squares, and, consequently, that z should be a frac-

' ) .
tion; so that we should make = = jq—’ and it would be ne-

cessary that the two formule p? + ¢% and p* — ¢%, should
be squares, and, consequently, that -their product also,
p* = ¢ should be a square. Now, we have already shewn
(Art. 202) that this is impossible.

Were we tomake b — a« = 2, and ¢ — @ = —2, that 1s,

b=a+ 2 ande =a — 2; and also, if = = g,we should

have the two formulze, p? 422, and p* — 247, to transform
into squares; consequently, it would also be necessary for



499 ELEMENTS PART 1I.

their product, p* — 4¢*, to become a square; but this we
have likewise shewn to be impossible.  (Art. 209.)

! /
In general, let b — « = m,c — a = n, and z =L . then

the formulee p°* 4 mg?, and p* + ng®, must become squares ;
but we have seen that this is impossible, both when m= +1,
andn= — 1, and whenm = + 2, and n = — 2.

It is also impossible, when 7 = f£%, and n = — f*; for,
in that case, we should have two formule, whose product
would be = p*— f*¢*, that is to say, the difference of two
biquadrates ; and we know that such a difference can never
become a square.

Likewise, when m = 2f*, and n = — 2f'*, we have the
two formule p® + 2F°¢*, and p* — 2f*¢’, which cannot
both become squares, because their product p' — 4/4¢* must
become a square. Now, if we make f¢ = 7, this product is
changed mto p* — 4%, a formula, the impossibility of which
has been alrcady demonstrated.

If we suppose m = 1, and n = 2, so that it is required to
reduce to squares the formule p° + ¢°, and p* 4 2¢°, we
shall make p® 4 ¢° = 7%, and p° + 2¢* =s°; the first
equation will give p* = r* — ¢7, and the second will give
7? + ¢° = s*; and therefore both 7° — ¢?, and »* + ¢°,
must be squares: but the impossibility of this is proved,
since the product of these formulee, or »* — ¢, cannot be-
come a square.

These examples are sufficient to shew, that it is not casy
to choose such numbers for 7, and » as will render the solu-
tion possible. The only means of finding such values of m
and 7, is to imagine them, or to determine them by the fol-
lowing method.

Letus make /' + mg® = Lh°,and f° + ng* = k*; then

e g

, 9 /S
we have, by the former equation, m = ———, and, by the

o
kP —f § -
latter, # = ——%— ; this being done, we have only to take
g
for £, @, I, and %, any numbers at pleasure, and we shall
have values of m and n that will render the solution possible.
For example, let 2 =8, k=5, f=1, and g = 2, we
shall have m = 2, and 2 = 6G; and we may now be certain
that it is possible to reduce the formulae p* 4 R2¢* and
p* -+ 6g* to squares, since it takes place when p =1,
and ¢ = 2. But the former formula gencrally beconies
square, if p = #° — 2% and ¢ = Rrs; for then p? 4 2¢* =
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(r* + 25%%  The latter formula also becomes p* - 6¢? =
7% 4 20r°s* 4+ 4s*; and we know a case in which it becomes
a square, namely, when p =1, and ¢ = 2, which gives
r =1,and s = 1; or, generally, » = s; so that the formula
is 25s".  Knowing this case, thercfore, let us make r=s+¢;
and we shall then have 7* = & 4+ 2t + ¢, or #* = §* -
43¢ + Gs% 4 45824 ¢*5 so that our formula will become
255* 4 4457 4 265> - 4s6® 4- ¢*: and, supposing its root
to be 5s* - £t 4 ¢*, we shall make it equal to the square
Wt + 10/5° + frs*¢* + 105> + 25 + ¢4, by which
means the first and last terms will be destroyed.  Let us
likewise make 2f'= 4, or = 2, in order to remove the last
terms but one, and we shall obtain the cquation

44s + ¢ = 10f5 + 10 + % = 205 + 14, or W= — ¢,

8§
and — = — L; therefore s=—1,and { =2, or = — s
and, consequently, » = — s, also 7* = % which is nothing

more than the case alrcady known. !

Let us rather, therefore, determine f in such a manner,
that the second terms may vanish.  'We must make 10/=44,
or f=%*; and then dividing the other terms by s#2, we

shall have 26s4-4¢ = 10s 4- f*s + 2/, that is, —Bke—244,
e r
which gives ¢=—7.5, and r=s+¢t= s, or e =% ;so that

r=38, and s=10; by which means we find p=25*—»*=191,
and ¢ = 2rs = 60, and our formulae will be

p* + 2¢° = 43681 = (209)° and

7 Gy = 53081 = (241)2

924, Remark. In the same manner, other numbers may
be found for m and 2, that will make our formula: squares ;
and it is proper to observe, that the ratio of m to = is
arbitrary.

Let this ratio be as « to 0, and let m = @z, and n = b=
it will be required to know how = is to be determined, in
order that the two formulwe p* + axg*, and p* + bz¢%, may
be transformed into squares : the method of doing which we
shall explain in the solution of the following problem.

225. Question 9. 'Two numbers, « and b, being given, to
find the number = such, that the two formulwe, p* 4 az¢?,
and p* + bzg*, may become squares ; and, at the same time,
to determine the least possible values of p and ¢.

Here, if we make p* 4 azg” = 72, and p°+ b3¢* = s,
and multiply the first cquation by @, and the second by &,
the difference. of the two products will furnish the equation
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bre —as? .
(b—a)p*="0br* —as*, and, consequently, p’= %}—_—ZS—; which

formula must be a square : now, this happens when » = s.
Let us, therefore, in order to remove the fractions, suppose
r» = s + (b — a)t, and we shall have

,__br*—as® b+ 2b(b—a)st+ b{b—a)’l*—as®
o e b—a a
(b—a)s*+2b(b—a)st4-b(b— a)*¢*

b—n =
s* 4 2Wst + (b — a)s.

i
Let us now make p = s + —7715, and we shall have

2z s
o ol e T2 = gt s (b — e
pt=s"+ ySt +y2t + 20bst + b(b — @)t

in which the terms s° destroy each other; so that the other
terms being divided by ¢ and multiphed by 22, give
Qxy + tx* = 2bsy® + b(b — a)ty?; whence

_ Rszy—2:by* d t _ 2uy—2by°

T Wb -a)y? —a¥ L (b — a)y* — &~
So thatt = 2ay — 2by%, and s = O(b — a)y* — 2*; farther,
r=20 — a)xy — b(b — a)y®* — 2*; and, conscquently,

p=s-+ %t = b(b —a)y* + x* — Way = (x — by)*—aby™.

Having therefore found p, 7, and s, it remains to determine
z; and, for this purpose, let us subtract the first equation,
2%+ azg® = 7%, from the second, p? 4~ iz¢® = s°; the re-
mainder will be z¢°(6 —a) = s* — 12 = (s+ ) x (s — 7).
Now, § + 7 = (b — @)ay — 2%, and

s — 7 =2(b—a)y* — 2Ab— a)axy, or
s + r = 2z{(b—a)y — ), and
s —r=20—a) x (by — x)y; so that
(0 —a)zg* = 2((b — aly — x) x 2(b—a) x (by— )y, or
zq° = 2((b — a)y — x) x (by — x)%, or
st = dxy((b — d)y — @) x (by — x);
day((b—a)y — x) x (by —«)
¢

We must therefore take the greatest square for ¢, that
will divide the numerator; but let us observe, that we have
alrcady found p=5(b—a)y®+2* - Rbay = (x—by)*—aby®;
and therefore we may simplify, by making « = v + &y, or
a — by = v; for then p = v° — aby?, and

consequently, z =
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o Ao-by) x gy x (v+ay), e _duylo-tay) x (v4by)
R qg b] ~ gz
By these means we may take any numbers {or v and 7, and
assuming for ¢* the greatest square contained in the nu-
merator, we shall easily determine the value of z; after
which, we may rcturn to the. cquations m = az, n = bz,
and p = v? — alby®, and shall obtain the formula required.
1. p* 4 azq® = (v° — aby®)* + dacy(v + ay) x (v + by),
which is a square, whose root is » = — v* — Qary — aby”.
2. The sccond formula becomes
P4 02gf = (v — aby®): + dbuy(v + ay) x (v 4+ dy),
which is also a square, whose root is s= —v° — 2bvy — ady*,
and the values both of 7 and s may be taken positive.
It may be proper to analyse these results in some ex-
amples. ,
2206. Example 1. Leta = — 1, and b = 4 1, and let us
endeavour to seek such a number for =, that the two formula:
»* — g% and p* + 2¢%, may become squares; namely, the
first 7%, and the seeond s
We have therefore p = v* 4 %*; and, in order to find =,
we have only to consider the formula
doylo—y) x (v +y) |

; and, by giving different values to

—
E, =

v and g, we shall sce those that result for z.

1 l 2 ' 3 4 5 6

I @ 2 % 4 5 16 8
g 1] 2 1 4 9 )
v—-y| 1 1 3 1 7 7
bty 8 5 5 9 ‘25 9
zq24x6ia1x30 16 X15(9 x 16 X 5(36 X 25 x 16 x7{16 X9 x 14
4 4 16| 9x16] 36x25«16 16 x9

4 6 380 15 5 7 14
a5 18l a7 41 337 65

And by means of these values, we may resolve the following
formulx, and make squares of them:

1. We may transform into squares the formule p° —6g?,
and p*+4bg* ; which is done by supposing p=5, and ¢g=2;
for the first becomes 25 — 24 = 1, and the second

25 4 24 = 49.
Q. Likewisc, the two formula p*—380¢°, and p° +30¢° ;
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namely, by making p = 13, and ¢ = 2; for the first be-
comes 169 — 120 = 49, and the second 169 + 120 = 289.

3. Likewise the two formula p* — 15¢°, and p* 4 15¢° ;
for if we make p =17, and ¢ = 4, we have, for the first;
Q289 — 240 = 49, and for the second 289 4 240 = 529.

4. The two formule p* — 5¢%, and p* 4 5¢% become
likewise squares: namely, when p = 41, and ¢ = 12; for
then p* — 5¢* = 1681 - 720 = 961 = 312, and

P>+ 5¢* = 1681 - 720 = 2401 = 49°.

5. The two formulxe p* — 7¢*, and p* + 7¢*, are sqnares,
if p = 837, and ¢ = 120; for the first is then
113569 — 100800 = 12769 = 113, and the sccond is
118569 + 100800 = 214369 = 463:=.

6. The formulee p* — 14¢*, and p2 + 14¢°, become squares
in the case of p = (5, and ¢ = 12; for then

pr— 14¢* = 4225 — 2016 = 2209 = 47°, and
P* -+ 14g® = 4225 + 2016 = 6241 = 79

R27. Example 2. When the two numbers m and 2 are
in the ratio of 1 to 2; that is to say, when ¢ = 1, and

= 2, and therefore m = 2, and » = 2z, to find such
values for z, that the formule p* + z¢*and p* + 229> may be
transformed into squares.

Here it would be superfluous to make nse of the gencral
formule already given, since this example may be im-
mediately reduced to the preceding.  In fact, if p*+z2g*=1%,
and p* + 2z¢* = %, we have, from the first equation,
P* = 17* — z¢*; which being substituted in the second, gives
7% 4- 2¢° = §%; so that the question only requires, that the
two formulee, 7* — z¢% and r* + z¢% may become squares ;
and this is evidently the case of the preceding example.  We
shall consequently have for z the following values: G, 30,
15, 5, 7, 14, &e.

We may also make a similar transformation in a general
manner. Kor, supposing that the two formula p2 + mg’,
and p* +ng? may become squares, let us make p*+mg*=r72,
and p* 4+ ng* = s%; the first equation gives p* = »* — mg*;
the second will become
$* =1r*—mg® + ng’, or* + (n—m) ¢* = s*: if, therefore,
the first formule are possible, these last 2* — mg?, and
7* + (n — m)g®, will be so likewise; and as m and 2 may be
substituted for each other, the formule 7* — ng® and
7% + (m — n)g®, will also be possible: on the contrary, if
the first are impossible, the others will be so likewise.

228. Ezample 3. Let mbetonasl to 8, orlet v =1,
and b = 3, so that m = %, and % = 3z, and let it be rc-
quired to transform into squares the formula p* + s¢%, and
P? A+ Segt
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Since a = 1, and b = 3, the question will be possible in
all the cases in which z¢* = 4ey(v + ) x (v -+ 3y), and
P = v* — 8y% Let us therefore adopt the following values
for v and g:

v 1 3 3 1 16
o W 9 il 8 9
vty 2 5 5 9 25
43y 4 9 7 25 43

2716 x 214 %x 9 x30[4 x4 x35[4x9x25xd x24%x9x16x25x43
q

g 16 4x9 4x4 4x4x9x25 4x9x16x25
z 2 30| 35 2 43
r 2 3 131 191 18]

Now, we have here two cases for = = 2, which enables
us to transform, in two ways, the formule p* -+ 2¢° and
p* 4 Gg*.

The first is, to make p = 2, and ¢ = 4, and consequently
also p =1, and ¢ = 2; for we have then from the last
p* + 2¢* =9, and p* + 6¢* = 25.

The second 1s, to suppose p = 191, and ¢ = 60, by which
means we shall have p®42¢°=(209)%, and p*+-6¢>=(241)z.
It is difficult to determine whether we cannot also make
% = 1; which would be the case, if z¢* were a square : but,
in order to determine the question, whether the two formule
P* g7 and p*+4-3¢° can become squares, the following
process is necessary.

229. It is required to investigate, whether we can trans-
form into squares the formula p* + ¢*, and p° 4- 3¢, with
the same values of pand ¢.  Let us here suppose p* + ¢*=7?,
and p* + 8¢ = s*, which leads to the investigation of the
following circumstances.

1. The numbers p and g may be considered as prime to
cach other; for if they had a common divisor, the two
formulae would still continue squares, after dividing p and
g by that divisor.

2. It is impossible for  to be an even number; for in
that case ¢ would be odd; and, consequently, the second
formula would be a number of the class 47 4+ 8, which can-
not become a square ; wherefore p is necessarily odd, and p*
is a number of the class 8n + 1.

3. Since p therefore is odd, ¢ must in the first formula
not only be even, but divisible by 4, in order that ¢* may
become a number of the class 167, and that p* - ¢* may be
of the class 8n 4 1.

4. Tarther, p cannot be divisible by 33 for in that casc,
p” would be divisible by 9, and ¢° not; so that 3¢° would
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only be divisible by 8, and not by 9; consequently, also,
p* + 3¢* could only be divisible by 8, and not by 9, and
therefore could not be a square; so that p cannot be di-
visible by 8, and p* will be a number of the class 3n + 1.

5. Since p is not divisible by 2, ¢ must be so; for other-
wise ¢* would be a number of the class 8n + 1, and con-
sequently p® + ¢* a number of the class 3n + 2, which can-
not be a square: therefore ¢ must be divisible by 8.

6. Nor 1s p divisible by 5; for if that were the case, ¢
would not be so, and ¢> would be a number of the class
5n 41, or 5n + 4; consequently, 8¢* would be of the class
5n + 8, or 5n 4 25 and as p* + 3¢ would belong to the
same classes, this formula therefore could not in that case
become a square; consequently p must not be divisible by
5, and p* must be a namber of the class 5n + 1, or of the
class 5n + 4.

7. But since p isnot divisible by 5, let us see whether ¢ is
divisible by 5, or not; since if ¢ were not divisible by 5, ¢*
must be of the class 57 + 2, or 5n -+ 3, as we have already
seen; and since p® is of the class 5n + 1, or 5n + 4,
P* + Sg* must be the same ; namely, 5n + 1, or 5n-4-4; and
therefore, of one of the forms 5n + 3, or 51 + 2. Let us
consider these cases separately.

If we suppose p* (¥) 5n + 1%, then we must_have ¢* ()
5n + 4, because otherwise p* + ¢° could not be a square;
but we should then have 3¢ (¥)5n + 2 and p* + S¢° (¥)
5n + 3, which cannot be a square.

In the second place, let p*(r) 5n + 45 in this case we
must have ¢*(¥) 5n + 1, in order that p* + ¢* may be a
square, and 3¢* (F) 5n + 3; therefore p* + 8¢° (¥) 5n + 2,
which cannot be a square. It follows, thercfore, that ¢:
must be divisible by 5.

8. Now, ¢ being divisible first by 4, then by 3, and
in the third place by 5, it must be such a number as
4 x 3 x bm, or ¢ = 60m; so that our formule would be-
come p* + 3600m? = 7% and p* + 10800m® = s*: this be-
ing established, the first, subtracted from the second, will
give 7200m* = §* — r* = (s + 7) X (s — 7); sothat s + 7
and s — 7 must be factors of 7200m*, and at the same time

* In the former editions of this work, the sign = is used to
express the words, « of the jform.” 'This was adopted in order
to save the repetition of these words ; but as it may occasionally
produce ambiguity, or confusion, it was thought proper to sub-
stitute (r) instead of =, which is to beread thus: p? (v) 52 +1,
of the form 5n + 1.



CHAP. XIV. OF ALGEBRA. 429

it should be observed, that s and » must be odd numbers,
and also prime to each other*.

0. Farther, let 7200m® = 4z, or lct its factors be 2Fand
Rz, supposing § + 7 = 2f; and 5 — r = 2g, we shall have
s=F+g, and r =f—g; fand g, also, must be prime
to each other, and the one must be odd and the other even.
Now, as f& = 1800m?, we may resolve 1800m* into two fac-
tors, the one being even and the other odd, and having at
the same time no common divisor.

10. It is to be farther remarked, that since 1* = p* + ¢,
and since 7 1s a divisor of p* 4 ¢*, r = f — g must likewise
be the sum of two squares (Art. 170); and as this number
is odd, it must be contained in the fermula 4n 4 1.

11. If we now begin with supposing m = 1, we shall have

JZ = 1800 = 8 x 9 x 25, and hence the following results :
S =1800, and g =1, or f= 200, and g =9, or =172,

and g = 25, or f'= 225, and g = 8.

The 1st r=jf—g=179%(r)dn + 3;
< 2 r=jf—g= 191(r)dn + 3;
sd (V) » =f— ; = 45(r)dn + 3;
4th r=f—g= 21Vr)4dn +1;

So that the first three must be excluded, and there remains
only the fourth: from which we may conclude, generally,
that the greater factor must be odd, and the less even; but
even the value, » = 217, cannct be admitted here, because
that number is divisible by 7, which 1s not the sum of two
squares .

12. It =2, we shall have f&r = 7200 = 32 x 225; for
which reason we shall make 7'= 225, and g = 32, so that
r =) — g =193 ; and this number being the sum of two
squares, it will be worth while to try it.  Now, as ¢ = 120,
and r =193, and p* =1 — ¢ = (r + ¢) x (r — ¢, we
shall have  + ¢ = 813, and » — ¢ =75 ; but since these
factors are not squares, it s evident that p* dees not become
a square. In the same manner, it would be in vain to sub-
stitute any other numbers for m, as we shall now shew.

230, Z'heorein. It is impossible for the two formula
P° + ¢% and p* + 843, to be both squares at the same time ;
so that in the cases where one of them is a square, 1t is cer-
tain that the other is not.

* Because pis odd and ¢ is even ; therefore p* + ¢* =% and
P + 3¢° = §°, must be both cdd. B.

+ Because the sum of two squares, prime to cach other, can
only be divided by numbers of the same form. B.
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Demonstration. We have seen that p is odd, and ¢
even, because p® + ¢° cannot be a square, except when
g = 2rs,and p = r* — 5%; and p* + 3¢° cannot be a square,
except when ¢'= 2y, and p = # — 3u®, or p = u* — £
Now, as in both cases g must be a double produect, let us
suppose for both, ¢ = 2abed ; and, for the first formula, let
us make » = @b, and s = ed; for the second, let # = ac,
and u = bd. We shall have for the former p=a*b*—c*d®,
and for the latter p = a*c* — 80%d*, or p = 3b*d* — a’c’,
and these two values must be equal ; so that we have either
a*b* —cid* =a*c* —3b*d?, or «*b* —c*d* =3b*d* —a®c?;
and it will be perceived that the numbers «, b, ¢, and d, are
each less than p and ¢. We must however consider each
case separately: the first gives a*b* + 30%d® = ¢%d* + ac”,
b® a? +d°

Ve LRy
¢ a*+3d*

or b¥a® + 84°) = c%a® + d%), whence
fraction that must be a square.

Now, the numerator and denominator can here have no
other common divisor than 2, because their difference is
2d:. 1If, therefore, 2 were a common divisor, both
@t +d? a* +3d*

and

@ & [24
&

~

and d are in this case both odd, so that their squares have

, must be a square; but the numbers «

2 2

a
the form 8z + 1, and the formula —5—

~

1s contained in

the expression 4n ~- 2, and cannot be a square; wherefore
2 cannot be a common divisor ; the numerator a¢* + d*, and
the denominator a® + 3d* are therefore prime to each other,
and each of them must of itself be a square.

But these formula are similar to the former, and if the
last were squares, similar formula, though composed of the
smallest numbers, would have also been squares; so that we
conclude, reciprocally, from our not having found squares in
small numbers, that there are none in great.

This conclusion however is not admissible, unless the
second case, a0 — ¢'d® = 30’d* — &’c, furnishes a similar
one. Now, this equation gives a°0® + a*c® = 30°d* + adz,
or a*(* + ¢) = d*(30% + ¢°); and, consequently,

& 2 2 2
z—: o = _c_;i—_b_ ; so that as this fraction ought to be a
d® T 8b*+c* 2+ 80* S
square, the foregoing conclusion is fully confirmed ; for, if n
great numbers there were cases in which p*+-¢% and p*+3¢°,
were squares, such cases must have also existed with regard
to smaller numbers; but this is not the fact.
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231. Question 10.  To determine three numbers, x, Ys
and z, such, that multplying them together two and two,
and adding 1 to the product, we may obtain a siquare cach
time; that is, to transform into squares the three following
formulae :

ey + 1, av -+ 1, and gz + 1.
Let us suppose one of the last two, as xz 4+ 1, = i
and the other z 4- 1 = ¢%, and we shall have
pt—1 g*—1

,and ¥y =

Xr =

. The first formula is now trans-

*—1)x (¢*—1 "
tormed to (_p____)__g_(_q____) + 1; which must consequently

be a square, and will be no less so, if multiplied by 2*; so

that (p® — 1) x (¢% — 1) -+ =%, must be a square, which it

1s easy to form. For, let its root be =7, and we shall have
(p?=1) x (¢*— 1) = 2z 4% and

(P =Dx(F=D~r"

9

~
-

, in which any numbers may be

substituted for p, ¢, and 7.
For example, if 7 = (pg + 1), we shall have

1L Q 2
r=p¢-+2p+ land z = [Caise S RIT . wherefore

g +2
_ (P=DxE@pg+2) _ 2Apg+1) x (p>=1)
T T gt (p+9)» y and
_ 2pg+hHx(g°-1)
- (p+g) ;

But if whole numbers be required, we must make the
fivst formula 2y 4+ 1 = p% and suppose =z = & -4y +¢;
then the second formula becomes
x? Loyt ag -+ 1= a4 gr 4 p% and the third will be
2y - y* 4+ qy+1 = y*4- gy -+ p*.  Now, these evidently
become squares, if we make ¢ = + 2p; since in that case
the second 1s 2! + 2px + p*, the root of which isx + p,
and the third is 3* 4- 2py + p*, the root of which 1s y =% p.
We have consequently this very clegant solution: ay+1=p%,
or xy = p* — 1, which applies easily to any value of p;
and from this the third number also is found, in two ways,
since we have either z = o + y + 2, orz = 2 +y — .
Let us illustrate these results by some examples.

1. Let p = 3, and we shall have p* — 1 = 8; if we
make @ = &, and y = 4, we shall have cither = = 12, or
~ = 0; so that the three numbers sought are 2, 4, and 12.
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Q If p = 4, we shall have po— 1 = 15. Now,if 2 = 5,
and y = 8, we find 5 = 16, or z = 0; wherefore the three
numbers sought are 8, 5, and 16.

S. It p = 5, we shall have p* — 1 = 24; and if we
farther make # = 3, andy = 8, we find x = 21, 0rs = 1;
whenee the following numbers vesult; 1, 8, and §; or 8, 8,
and 21.

232. Question 11. Required three whole numbers 2, ¥,
and z, such, that if we add a given number, a, to each pro-
duct of these numbers, multiplied two and two, we may
obtain a square cach time.

Here we must make squares of the three following formula,

xy + a, x3 + a, and yz + a.
Let us therefore suppose the first y + @ = p* and make
2 = & + y + ¢; then weshall have, for the second formula,
2* + ay + 2q + a = 2® + 2q 4 p*; and, for the third,
ay + 3 +yg+a=y" + qy 4 p*; and these both be-
come squares by making ¢ == 2p: so that v = - y*2p;
that is to say, we may find two different values for z.

233. Question 12. Required four whole numbers, z, 7,
=, and v, such, that if we add 2 given number, «, to the pro-
ducts of these numbers, multiplied two by two, each of the
sums may be a square. -

Here, the six following formulae must become squares:

l.ay4+a, 2 azta, 3 yz-ta,
4. av4a, 5. yv+a, 6. 20+ a

If we begin by supposing the first xy 4 a =p’ and
take 5 = 2 + y + 2p, the second and third formulae will
become squares. If we farther suppose v =2 + y — 2,
the fourth and fifth formalee will hkewise become squares
there remains therefore only the sixth formula, which will
be a* 4+ 2y + y* — 4p* + 4, and which must also become
a square. Now, as p* = ay + a, this last formula becomes
r — 2xy + 3* ~ 8a; and, consequently, it is required to
transform into squares the two following formulae :

xy + a = p*, and (v — y)* — 8a.

If the root of the last be (z —y) — ¢, we shall have

(v =¥)* = 8a = (v — y)* — 2(x — y) + ¢*; so that

-8 =—2x—y)+@anda ~y= q'j;a, or
rT=Y+ 2_%,_(; ; consequently, p®=y*-- 1 quay + a.

If p = y + », we shall have
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4 2
2ry 0t = q—g_gﬁl‘y - a, or
dgry + 2t = (¢° 4 3a)y + 2aq, or
r* — g =(¢* + 3a)y — 4qry, and

- QQJ".—Qag‘

T @?4-8a—4qr
where g and » may have any values, provided v and g be-
come whole numbers; for since p =y + 7, the numbers,
z and v, will likewise be integers. The whole depends
therefore chiefly on the nature of the number a, and it is
true that the condition which requires integer numbers
might cause some difficulties; but it must be remarked,
that. the solution is already much restricted on the other
side, because we have given the letters, = and v, the values
z -+ y + 2p, notwithstanding they might evidently have a
great number of other values. The following cbservations,
however, on this question, may be useful also in other

cases.

I. When @y + @ must be a square, or @y = p* — «, the
numbers # and y must always have the form 7* — as*

(Art. 176); if, therefore, we suppose .

® =0 — ac’, and y = d* — ae?,

we find xy = (bd — ace)* — a(be — cd)*.

If be — ed = =+ 1, we shall have ay = (bd — ace)® — a,
and, consequently, xy + « = (bd — ace)?.

Q. If we farther suppose z = f* —ag?, and give such
values to f'and g, that g —¢f=+1, and also dg—¢f=+1,
the formule az + @,. and gz + @, will likewise become
squares.  So that the whole consists in giving such values
o b, ¢, d, and ¢, and also to_f"and g, that the property which
we have supposed may take place.

3. Let us represent these threc couples of letters by the

- b d
fracticns PR and 'f-; now, they ought to be such, that

the difference of any two of them may be expressed by a
fraction, whose numerator is 1. Tor since
b d _ be—de

= , this numerator, as has been scen, must

= :

be equal to + 1. Besides, one of these fractions is ar-

bitrary ; and it is easy to find another, in order that the

given condition may take place. TFor example, let the first
ot
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b d .
— = 3, the second - must be nearly equal to it; if] there-

’ d
fore, we make - =% we shall have the difference z = .

We may also determine this second fraction by means of the

: d 3e—2d
first, generally ; for since 3 — ~ = —g, —» We must have
3¢ — 2d = 1, and, consequently, 2d = 3¢ — 1, and
e—1 . ¢—1
d=¢e¢+ 5 So that making —— = m, or ¢ =2m+ 1,

we shall have d = 3m 4 1, and our second fraction will be
d _3m+1
e mHl
second fraction for any first whatever, as in the following
Table of examples:

In the same manner, we may determine the

b - | i
2 =: é—,v!%}k’ |

d _3m+l'5m+l Tm42|Sm 4311 1m+3[18m+5(17Tm+5
e 2m+1|Sm4+1{8m+115m+2| 4m+1| Sm+3| Tm+2

4. When we have determined, in the manner required,
) b d . . ]
the two fractions, - and 70t will be easy to find a third

also analogous to these. We have only to suppose f=0+d,

b+d ..
and g = ¢ -+ ¢, so that L = c—-—*}-—z; for the two first giving
S_b_ £1

be — cd =+ 1, we have g‘—— — and subtract-

¢ cHee’
ing likewise the second from the third, we shall have
' S d _be—ed 1
g e +ee  cefet
5. After having determined in this manner the three

. DI o
fractions, S, and §, it will be easy to resolve our ques-

tion for three numbers, x, y, and =z, by making the three
formule xy + a, 2z 4+ a, and yz + @, become squares:
since we have only to make @ = 8¢ — ac?, y = d* — a¢,
and z =f* — ag®. For example, in the foregoing Table,
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b d
let us take ~ = and e L shall then have
—‘é = 1*; whence ¢ = 25 ~— 9a, y = 49 — 16a, and
S

z = 144 — 49a; by which means we have

ay + @ = 1225 — 840a + 144a® = (35 — 12a)?%;
az 4+ @ = 3600 — 25200 + 441a* = (60 — 21a)*;
. Y2 + @ = 7056 — 4704a + 784a® = (84 — 28a)’.
234. In order now to determine, according to our ques-
tion, four letters, x, y, z, and v, we must add a fourth
fraction to the three preceding: therefore let the first three
be -é-, —(1, i: EH_—d, and let us suppose the fourth frac-
c CEG c+¢
)
tion %: -b——+—d: ’:d—+b~, so that it may have the given
T e+g 24
relation with the third and second; if after this we make
x =0 — ac’, y = d* — aé?, z = f* —ag?, and v=/*—alk?,
we shall have already fulfilled the following conditions :
xy-a=0, az-t+ae=0, yz-+a= 0,
Yo+a=0, zy+ta=D0O.
It therefore only remains to make v + @ become a square,
which does not result from the preceding conditions, because
the first fraction has not the necessary relation with the
fourth.  This obliges us to preserve the indeterminate
number 72 in the three first fractions; by means of which,
and by determining m, we shall be able also to transform
the formula v 4+ « into a square.
6. If we therefore take the first case from our small

0 20

b 3m+1

Table, and make - = 2, and 4 > ’_’”_'*'__; e -
¢ * e 9m-+1

J _ Bm+ta h 6m+5 3

Z  Im+® and = whence @ = 9 — 4a, and

v = (6m + 5)" — a(4m + 4)°;
S(6m + 5)* — 4da(bm + 5)"
—Qa(dm + 4)% + 4a’(dm + 4)*
9(bBm + 5)* + 4a*(dm + 4)°
| —a(288m® 4+ 528m + 244),
which we can easily transform into a square, since m? will
be found to be multiplied by a square; but on this we shall
not dwell.
7. "The fractions, which have been found to be neces-
P

so that v + ¢ = {

or xv + a =
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sary, may also be represented in a more general manner ;

o0 d -1
for 1f—c = —!13—, T nBT-, we shall have
J _ne+g—1 g _ met+p-2 ... ..
s = 'n--;—l ’ and Gng —m—l——, if in this last frac-
-2
tion we suppose 2n -1 = m, it will become ; con-

sequently, the first gives # = 8* — g, and the last furnishes
v = (Bm — 2)* — am®. The only question therefore is,
to make av 4 @ a square. Now, because
v = (B2 —a)m* — 4Bm + 4, we have
xo4-a = (B — aym* — 4(B* — a)Bm + 4p* — 3a; and
since this must be a square, let us suppose its root to be
(8° — a)ym — p; the square of which quantity being
(B — a)*m® — (B — a)mp + p*, we shall have
~4(8° — a)Bm +48*— Ba= — 2(8* — a)mp +p*; wherefore
_ p*—48°+3a
" @)X =)
_ 489 +¢*+8a
2(B*—a)
bers whatever for 8 and ¢.
For example, if @ = 1, let us make 8 = 2: we shall then

If p =23+ ¢, we shall find

, in which we may substitute any num-

have m = o and making ¢ = 1, we shall find

m % farther, m = 2n + 1; but without dwelling any
longer on this question, let us proceed to another.

235. Question 12. Required three such numbers, x, ¥,
and z, that the sums and differences of these numbers, taken
two by two, may be squares.

The question requiring us to transform the six following
formule into squares, viz.

x4y T4z y+z

T—y T—3 Y-—-5
let us begin with the last three, and suppose x — v = p?,
v—z=¢, and y — z =%; the last two will furnish
x=¢q*+z, and y=7°+z; so that we shall have ¢*=p* -+,
because  — y = ¢° — 7% = p*; hence, p* + 7% or the sum
of two squares, must be equal to a square ¢*; now, this hap-
pens, when p = 2ab, and r= a* — b”, since then ¢ =a® 4 0%
But let us still preserve the letters p, ¢, and 7, and consider
also the first three formule. We shall have,
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1. x +y=¢°+ 7+ 2;
Qax+3=q+22;
8.y +z =174 2

Let the first ¢>+47%+2z, =%, by which means 2z=¢{'—g¢*—77;
we must also have ## — 7 = O, and # — ¢* = O thatis
to say, £* — (a* — b*)* = O, and £ — (a* + 0*)2= O ; we
shall have to consider the two formulae #2 — a* — b*4+2a%b?,
and # — a* — * — 2¢%0°%. Now, as both ¢? 4+ d* + 2ed,
and ¢* + d* — 2cd, are squares, it is evident that we shall
obtain what we want by comparing # — a* — &% with
¢* + d?, and 2*b* with 2ed. With this view, let us suppose
ed = a°b" = f*g°h’k?, and take ¢ = f*g*,and d = L’k*;
a’=f°h*, and b° = g’k?, or a = fh, and b= gk; the
first equation ¢*° — a*— b* = ¢’ + d’ , will assume the form
8 — St — gt = gt + Wkt whence
£ = figt + Fhi— g%t + B or ¢ = (R x (81 1);
conscquently, this product must be a square; but as the re-
solution of 1t would be difficult, let us consider the subject
under a different point of view.

If from the first three equations  — y ~p%, & — 2= ¢°,
y — z = r°, we determine the letters y and z, we shall find
y=a —p* and z = x — ¢°; whence it follows that
q*=p*+47°. Our first formula now becomne v +y=2x—p°,
x+3:=2%2—¢°, and y +z =2 —p° —¢q’. Let us
make this last 2¢ — p* —g* =¢*, so that Qe =¢" +p° + ¢°, and
there will only remain the formulae ¢* + ¢°, and £° + p*, to
transform into squares. But since we must have ¢” =p* 477,
letg=a® 40, and p =a’ — b°; and we shall then
have » = 2ab, and, consequently, our formule will be:

1. £+ (a8 + 02 =t + a* + b + 2002 = O
2 4 (@ — 0P =+ at + b — 2a%* = D.

In order to accomplish our purpose, we have only to com-
pare again ¢* + a* + b* with ¢’ + d°, and "2a°0%, with
2¢d. 'Therefore, as before, lete = f2*g*, d = I'k?, a=fh,
and b = gk; we shall then have ed = ¢°b6°, and we must
again have
&4+ 4 g =t A =g+ R whence
£ = figt— W+ B — gtk = (f*— k%) x (' — 2.
So that the whole is reduced to finding the differences of
two pair of biquadrates, namely, /* — &*, and g*— 2% which,
multiplied together, may produce a square.

For this purpose, let us consider the formula m*—n2';
let us see what numbers it furnishes, if we substitute given
numbers for 7 and n, and attend to the squares that will be
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found among those numbers; the property of

mt —n* = (m* + n?) x (m*— n?), will enable us to con-
struct for our purpose the following Table:

A Table of Numbers contained in the Formula m* — n*.

»

m® | n me—n® | m’4n* m* —n?
4 1 & 5 PRE
9 1 8 10 16 x5
9| 4 33 113 5%x13
16 1 15 17 3x5x%x17
LGN 9 7 25 25 %7
25 1 24 26 16 X3 x18
2 | 8 16 34 16 x2x17
49 1 48 50 25x16 x2 %3
49 | 16 33 65 3x56x11x13
64| 1 63 65 Ix5xXTx13
81 | 49 32 180 64x5x13
121 4 117 125 25 X9x5x13
121 9 112 130 | 16 x2x5x7x13
121 | 49 72 170 144 %5 x 17
144 | 25 119 169 169 X7 x 17
169 1 168 170 | 16 x3x5%xTX17
169 | 81 88 250 25 x16 x5 x11
225 | 64 161 289 289 x 7 x 23

We may already deduce some answers from this. For,
if f*=9, and k* =4, we shall have f*— %+ =13 x 5;
farther, let o* =81, and 2°* = 49, we shall then have
g+ —h* =64 X 5 x 18; therefore ## = 64 x 25 x 169,
and ¢=520. Now, since ¢* =270400, =3, g=09,
k=2 % =", we shall have a =21, and b = 18; so that
p =117, ¢ = 765, and r = 756; from which results
2 = t* 4 p* + ¢* = 869314; consequently, & = 434657 ;
then y = o—p°=420968, and lastly, z=a1—¢*=—150568.
This last number may also be taken positively; the dif-
ference then becomes the sum, and, reciprocally, the sum
becomes the difference. Since therefore the three numbers
sought are:
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2 = 434657
Y= 420968
z = 150568

we have x + y = 855625 = (925)*
x + z = 585225 = (765)*

and y + = = 571536 = (756)°

also, x — y = 13689 = (117)
x — z = 284089 = (533)*
and y — = = 270400 = (520)%

The Table which has been given, would enable us to find
other numbers also, by supposing f* =9, and k* =4,
g* =121, and h* = 4; forthen* = 18 x 5 x 5 x 13 x
9 x2 =9 x 25 x 25 x 169, and

t=8 x5 x5 x13 =975

Now, as f=3, g=11, k=2, and 2 =2, we have
« =fh =6, and b = gk = 22; consequently,
p=a’—b" =— 448, g=a>+b=520, and 7=2a0=264;
whence 2o = ¢*+p* -+ ¢ = 950625 + 200704 + 270400 =
1421729, and a = *4*1729; whereforc y = x — p* =
102‘2_311’ and N= 2 — = 885%91.9'

Now, it is to be observed, that if these numibers have the
property required, they will preserve it by whatever square
they are multiplied. If, therefore, we take them four times
greater, the following numbers must be equally satisfactory :
2 = 2843458, y = 2040642, and ~ = 1761858; and as
these numbers are greater than the former, we may con-
sider the former as the least which the question admits of.

236. Question 14. Required three such squares, that the
difference of every two of them may be a square.

The preceding solution will serve to resolve the present
question. In fact, if 2, 7, and =z, are such numbers that the
following formulee, namely,

x4y =0, x—y=0, 2+ 2= 0,
x—z= 0, y+z2=0, y—=x= 0,
may become squares; it is evident, likewise, that the pro-
duct @? — g2 of the first and second, the product «* — 2* of
the third and fourth, and the product y* — z* of the fifth
and sixth, will be squares; and, consequently, 2% ¥*, aud 2%
will be three such squares as are sought. But these num-
bers would be very great, and there are, doubtless, less
numbers that will satisfy the question ; since, in order that
x* — y* may become a square, it is not necessary that x + y,
and & —y, should be squares : for example, 25—9 is a square,
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although neither 5 + 8, nor 5 — 3, arc squares. Let us,
therefore, resolve the question independently of this con-
sideration, and remark, in the first place, that we may take
1 for one of the squmes sonorht the reason for which 1s, that
if the formulas 2* — ¥ a* — 2%, and y° — z’, are squares,
they will continue so, thoutrh divided by =73 consequently,
we may suppose that the questlon 1s to transform

2 2 2 2
(%_ yj>, (% - 1) and (l— - ) into squares, and 1t

T
then refers only to the two fractions o and L

7+1 1./ 9+1

If we now suppose —f—:: e ey | the last
two conditions will be satisﬁed, for we shall then have
x? , . s _ ¢
P — 1= (P 1),., and - —1= (-92__1-;_ It Olily re-

mains, therefore, to consider the first formula
@ Y (P41 @+ 1)

2z

= Z" _(pg_ 1)1— (qz — 1):. -

Phale) WL P+ 18 gl
(zf’—1+q“—1 =1 g —1)
2p?g—1)
(p'=1) x (¢ =1)

), and the product of these two factors is

Now, 'the first factor here is ; the second

_AT=pY
(1) (=1 x (g~

—1 2
= e — 1) (,q 71) It is evident that the denominator
(pr—=1)x(¢*—1)

* of this product is already a square, and that the numerator
contains the square 4; therecfore it is on]v required to trans-
form into a square the formula (p%* — 1) x (¢° — p?), or

(pg* — 1) x (-;]7 — 1); and this is done by making
2] 2 he
Litg 5 and L

pg = o = o; /» ——————, because then each factor

separately becomes a square. We may also be convinced of
. 1o q ., [r4g B4k
this, by remarking that pg x ik —%tj’— X gk

and, consequently, the product of these two fractions must
be a square; as it must also be when multiplied by
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4f°g* x hk?, by which means it becomes equal to

JEC* + g% x k(b + %),  Lastly, this formula becomes
precisely the same as that before found, if we make =« + 0,
g=a—bh=c+d,and k = ¢ ~ d; since we have then

Qat — %) x ct — d*) =4 x (a* — %) x (¢t — d¥,

which takes place, as we have seen, when «* = 9, 0* = 4,
¢c’=8l; andd’ =49,0ra =38,0=2,c=9,andd =1.
Thus, =5, g =1, =16, and & = 2, whence pq == 12,

amd L = 282 =25 the product of these two equations
i 65x13 13x13 . Y
VS I=Y6F =16 ° wherefore ¢ = 12, and it fol-

lows that p = #, by which means we have

47 41 % 2+1

?:;‘1_1 = = =0 Gl —;{ = gg—l = 183 therefore,

’ 41z 185z . .

since & = — 5 and Y=vzg> 10 order to obtain whole
numbers, let us make x =153, and we shall have 2 = — 697,
and y = 185.

Consequently, the three square numbers sought are,

a® = 485809 2¢ —y° = 451584 = (672)°
7= 84225 L and J4° —2* = 10816 = (104)
2= 23409 x® — 5 = 462400 = (680)>.

It is farther evident, that these squares are much less than
those which we should have found, by squaring the three
numbers #, 7, and z of the preceding solution.

237. Without doubt it will here be objected, that this
solution_has been found merely by trial, since we have made
use of the Table in Article 285. But in reality we have
only made use of this, to get the least possible numbers ; for
if we were indifferent’ with regard to brevity in the calcula-
tion, it would be easy, by means of the rules above given, to
find an infinite number of solutions; because, having found

2 1 . Q
a Po.l’a]]dg_:gn+l
g p*—1 . ¢*—1

» we have reduced the question

©Q

to that of transforming the product (p%g* — 1) x (=, — 1)

%

into a square. If we therefore make -% =m, or q=mp,

our formula will beceme (m*p* — 1) x (m* — 1), which is
evidently a square, when p = 1; but we shall farther sce,
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that this value will lead us to others, if we writep =1 + s}
in consequence of which supposition, we have to transform
the formula
(m* — 1) x (m® — 1+ 4ms® + Gm>s® + 4m*s® + m*s?)
into a square; it will be no less a square, if we divide it by
(m* — 1)?; this division gives us
4m*s 6m*s? 4’ s? 1. m’s*

1+7nz_1+ma —1 +mg_1 ] ’7_7712—1;

2

: . m
and if to abridge we make iy = @ we shall have to re-

duce the formula 1 4 4as 4~ Gas® - 4as® |- as* to a square.
Let its root be 1 + f5 + gs°, the square of which is
14 25 + 2gs° + f7s* + s’ + g°s% and let us deter-
mine fand g in such a manner, that the first three terms
may vanish; namely, by making 2f'= 4«, or f= 2a, and
Ga—f

)

6o =2+ f*, or g = ——"— =38a— 2a’, the last two

terms will furnish the equation 4¢ -4 as = 2o | g2s;
4a— Yy 4a—12a +84°

g—a Tdd" =12+ 9% —a

o 2 o

4;_1{2:;:32—1 g diviingbrls S U ﬁ—f—a&z}:r
This value is already sufficient to give us an infinite number
of answers, because the number m, in the value of «,
_ m2 )

~ mt-1’

illustrate this by some examples.
1. Let m = £, we shall have ¢ = % so that

whence s =

may be taken at pleasure. It will be proper to

B
s =4 x —%; =— §3; whence p=— 37, and ¢ =— 1%;
5
Y 6005
lastly, — = 242, and == $333-

2. If m = 3, we shall have @ = 2, and
I3
s =4 x S = — 260 consequently, p = — %%?, and

——— Ews

I8

= — 747, by which means we may determine the fractions
z Y

—, and =,

~

There is here a particular casc that deserves to be at-
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tended to; which is that in which @ is a square, and takes
place, for cxample, when m = §; since then @ = 33. 1If
here again, in order to abridge, we make @ = 0% so that our
formula may be 1 + 40% 4 6b*s* + 44*s® + b*s', we may
compare it with the square of 1 + 2b% + bs?, that 1s to say,
with 1 + 4% + 2bs® + 40%s* + 40%* + b%*; and ex-
punging on both sides the first two terms and the last, and
dividing the rest by s°, we shall have 60® + 40% = 20 +
60*—2b—40* 3b — 1 — 2°

46* 4 403, whence s = i = oE—9p s but

this fraction being still divisible by & — 1, we shall, at last,
1—-206—20° 1—20*

have s = and p = o5

We might also have taken 1 + 2bs 4 bs* for the root of
our formula ; the square of this trinomial being ¢
1 4 4bs 4 2bs® + 4b*s* + 4b*s® + b*s', we should have de-
stroyed the first, and the last two terms; and dividing the
rest by s, we should have been brought to the equation
4b* + 6b% = 4b + Qs + 40%. Butasd*=2f,and b=3, -
this equation would have given us s =— 2, and p =—1;
consequently, p* — 1 = 0, from which we could not have
drawn any conclusion, since we should have had z = 0.

To return then to the former solution, which gave

1—25*
p=—gj—as b = 3, it shews us that if m = $, we have
Ky : x
p = %I, and ¢ = mp = LL; consequently, — = $}%, and
-
i‘/.—-— 433
z . 14T

238. Question 15. Required three square numbers such,
that the sum of every two of them may be a square.

Since it is required to transform the three formulae
2t g, 2" 42, and y* 42 into squares, let us divide
them by =% in order to have the three following,

oy z y*
T+5=0,5+1=0, T+ 1=10.
~ < Z <
i x e—1
The last two are answered, by making _~=p2p , and

-1 . . "
;V::_Y_aq__’ which also changes the first formula into this,

fipe. — 1 (R
B o 4a?
4p q

, which ought also to continue a square
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after being multiplied by 4p?¢®; that is, we must have
¢*(p* = 1)* + p*(¢> — 1)* = O. Now, this can scarcely be
obtained, unless we previously know a ease in which “this
formula becomes a square: and as it is also diflieult to find
such a case, we must have recourse to other artifices, some
of which we shall now explain.

1. As the formula in question may be expressed thus,
G+ 1 x (p— 17 + pig + 1 X (¢— 1) = 0, let
us make it divisible by the square (p + 1)2; which may be
done by making ¢ —1=p--1, or g=p-+2; for then
g+ 1 =p + 8, aud the formula becomes
(p+2x(p+ 1Px(p=1y +p(p+ 3)*x(p+1)*=0>
so that dividing by (p - 1)%, we have (p +2)* X (p — 1)*+
2*(p + 3)% which must be a square, and to which we may
give the form 2p* + 8p*> + Gp* — 4p + 4. Now, the last
term here being a square, let us suppose the root of the
formula to be 2 + fp + op*, or gp* + fp + 2, the square
of which is g% + fgp® + 4aop* + f*p* -+ 4fp + 4, and

we shall destroy the last three terms, by making 4/= — 4,
orf=—1and 42 + 1= 0, or g = 3; also the first terms
being divided by p will give 2p+8=gp+%fo=25p— 5; .
z p°—1
or p=— 24, and ¢ = — 22; whence = _Qp__ =— 513,
o b 21
or r=— ¥’z ana —‘:—_—_ ng = — 433 ory = — 483z,

Let us now make s =16 x § x 11; we shall then have
x =575 x 11, and y = 483 x 12; and, consequently, the
roots of the three squares sought will be :
xr = 06325 =11 x 23 x 25
y = 5796 = 12 x 21 x 23¢
and z= 528 = § x 11 x 16;
for from these result,
T 4y = 28%(275* + 252%) = 23> x 373
22 + 2% = 112(575* + 48%) = 11* x 5772
and y* 4 =% = 12°(4832 + 44%) = 12* x 485
2. We may also make our formula divisible by a square,
in an infinite number of ways; for example, if we suppose
(g+12=4(p +1),0orqg + 1 =2(p + 1), thatis to say,
g=2%+1, and ¢g—1=2p, the formula will become
@12 % (p4-12x (p-1Y +p*x 4(p + 1) x 4p*=0;
which may be divided by (p -+ 1)%, by which means we have
(P +1Fx(p—1) +16p* = 0, or
20p* — 4p* —3p* + 2 + 1 = 0O ; but from this we de-
rive nothing.
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8. Let us then rather make (¢ — 1) =4(p + 1)% or
g —1=2(p +1); we shall then have ¢ =2p + 3, and
g+1=2 +4, or ¢+ 1=2(p+2), and after having
divided our formula by (p + 1)%, we shall obtain the fol-
lowing; (2p 4+ 8)* x (p — 1)* + 16p*(p+ 2)% or
9 — Gp 4 33p* + 68p* + 0p*. Let its root be 3—p+ gp?,
the square of which is 9 — Gp + Ggp® + p° — 22p® + g%*;
the first two terms vanish, and we may destroy the third by
making 6 + 1 = 53, or g = %°; so that the other terms
are divisible by p, and give 20 + 68 = g% — %2, or
426p = *3°; therefore p = £3, and ¢ = 12, by which
means we obtain a new solution.

4. If we makeg — 1 = #(p — 1), we have g = %p — 1,
and ¢ +1 = 4p + 2 = 2(2p + 1), and the formula, after
being divided by (p ~— 1)*, becomes

—1 : . .
(41)9 > x (p+ 1?4 $3p*(2p + 1)?; multiplying by 81,

we have Q(4p — 1) x (p + 1)% + 64p*(2p + 1) =

400p* 4 472p° + T3p* — 54p + 9,
in which the first and last terms are both squares. If,
therefore, we suppose the root to be 20p® — Gp + 3, the
square of which is 400p* — 860p*4-120p* + 81p* — 54p 49,
we shall have 472p + 73 = — 368 + 201; wherefore
P=+pandg= —f=— 3.

We might likewise have taken for the root 20p2+49p—3,
the square of which is 400p* -+ 360p>—120p* +-81p — 54p +9;
but comparing this square with our formula, we should have
found 472p + 73 = $60p — 39, and consequently p = — 1,
a value which can be of no usc to us.

5. We may also make cur formula divisible by the two
squares, (p + 1)%, and (p — 1)% at the same time. For

pi+1

this purpose, let us make ¢ = e ; so that

g--1= pttp+t+1_(p+ 1) x (t41)

' Pz~ om0
| = Pmp—t+1_(p-1)x(—1)
= ptt T pFt ’

this formula will be divisible by (p 4+ 1)* x (p — 1)2, and
2 VRV U |
(p+eF T (p+y)? '
multiply by (p -+ #)*, the formula, as before, must be trans-
formable into a square, and we shall have

@t + 1) % (p + )2+ po(t + 1) x (£ = 1P, or

will be reduced to

If we
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Ep 2 (4 1)p + 2652+ (1) + (2—1) P2+ 2 (> +1)p+ 12
in which the first and the last terms are squares. Let us
therefore take for the root #p® + (2 4 1)p —¢, the square of
which is
£2pt 4 Ut + 1)p — P + (£ + 1)%p° — A(t*+ L)p+1
and we shall have, by comparing,

oFp + (&2 17 + UE 4 1) 4+ (& — 1)p =

— 2'p - (2 4 1)%p — 2t(2 + 1), or, by subtraction,
4p 4@ 4+ 1)+ @ — 1)p =0, 0r
(¢ 1)p* + 44 +1) = 0, |

hat is to say, & + 1 = s wl = o sl
that 1s to say, + 1 = 27’ whence p = t"+1’ conse-
—{P AL > — 8¢
quently, pt +1 —-711, and D.5¢ = m 5 1&Stly,
—3t°41 . .
q= ———tg-;%t where the value of the letter £ is arbitrary.
' e
For example, let £ = 2; we shall then have p = &
—11 m PRl -
and ¢ = 55 so that z——gp——+_ﬁ,and
YT R iR By 4
= T LS B T

Farther, if z = 8 x 11 x 18, we have
y=4x 5x9 x 13 and
=4 x 4 x5 x1l],
and the roots of the three squares sought are
z =8 x 11 x 13 = 429,
y=4x 5x 9 x 13 = 2340, and
z=4x 4x5x11=2880:
where it is evident that these are still less than those found
above, from which we derive
4yt = 8% x 182(121 + 8600) = 8* x 13* x 617
2° + 2% = 112 x (1521 + 6400) = 11* x 89%
y* 4 2* = 20% x (18689 4- 1936) = 20° x 125
6. The last remark we shall make on this question 1s, that
each answer easily furnishes a new one; for when we have

* Thus, (2*—1)* = t*—2* + 1, which multiplied by pbe-
comes ptr—pt* + p,
Then adding 4pi*

We have  pt' + 2pt* + p = (¢* +1)?p, as above.
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found three values, * = a,y = b, and z = ¢, so that
&+ 0= 0, a*4c*= 0O, and & 4+ ¢* = O, the three
following values will likewise be satisfactory, namely, z = aé,
y = be, and = = ae. Then we must have

2* 4 y2 = a*b* + b*c* = b*(a* + ¢*) = O,
2t 4 2* = @l + a’c* = a*(* + ) = O,
¥+ 2t = a’e* + bc? = (@’ + V) = D.

Now, as we have just found
z="a =3 x 1l x 18,
y=b=4x 5x 9x 13 and
z=c=4x 4x 5x1],
we have, therefore, according to the new solution,
r=ab=8 x 4x5x9x11 x 18 x 13,
=be=4x4x4x5%x 5x 9x1l x 18,
=ac=8 x 4 x 4x5x11 x 11 x 13.
And all these three values being divisible by
3 x4x5x11 x 13,
are reducible to the following,

2=9x18,y=3 x 4x 4x 5,andz=4» 11; or

x =117, y = 240, and z = 44, )
which are still less than those which the preceding solution
gave, and from them we deduce

2% + y* = 71289 = 267,
2% 4 2* = 15625 = 1252,
Y* + 2 = 59536 = 2442,

239. Question 16. Required two such numbers, # and
v, that cach being added to the square of the other, may
make a square; that is, that 2* + y =0, and y* + z =D.

If we begin with supposing @* 4 y = p*, and from that
deduce y = p? — 2, we shall have for the other formula
pt — 2p%® + x*+ v = 0O, which it would be difficult to
resolve.

Let us, therefore, suppose one of the formulze
2y =(p—a)?=p*— 2pr+ a*; and, at the same
time, the other ¥* + @ = (¢ — »)* = ¢ — 29y + 3, and
we shall thus obtain the two following equations,

Y+ % =p, and x + 2y = ¢,
from which we easily deduce

_2qp*—q* 2t —¢°

n

in which p and ¢ are indeterminate. Let us, therefore,
suppose, for example, p = 2, and y = 3, then we shall have
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for the two numbers sought # = 13, and y = 3%, by which
BIERnSIv: - o RS e 00 — (S0 2T

P SRl I T, — T 22)*. If we made p =1,
and g = 3, we should have @ = — 3, and y = 17, an
answer which is inadmissible, since one of the numbers
sought is negative.

But let p = 1, and ¢ = %, we shall then have & = 2,
and y = 7, whence we derive
27y = 3 L= 333 = (1), and

- + — 64 — (Tsf)i_

240. Question 17. To find two numbers, whose sum
may be a square, and whose squares added together may
make a biquadrate.

Let us call these numbers x and y; and since 22 + 4/°
must become a biquadrate, let us begin with making it a
square : in crder to which, let us suppose & = p* — ¢% and
y = g, by which means, 2% - 5* = (p* - ¢*)* But, in
order that this square may become a biquadrate, p* + ¢°
must be a square; let us therefore make p = #* — 2, and
g = 2rs, n order that p* + ¢°* = (#* + %)?%; and we
immediately have * -\ y* = (»* 4 s*)*, which is a biqua-
drate. Now, according to these suppositions, we have
w o=t — Grrs* + st and y = 4% — 4rs®; it therefore
remains to transform into a square the formula

20

x by =t 4o7s — Grrs® — 4rs® + st

Supposing its root to be »* + 2rs 4 s*, or the formula
equal to the square of this, 7* 4 4r%s - Gr2s® + 4os® - o4,
we may expunge from both the first two terms and also s%,
and divide the rest by 7s*, so that we shall have

6r 4- 4s =— Gr — 4s, or 127 + 8s = 0; so that

[9)

§=— 1—? =—3r. We might also suppose the root to be
7% — 2rs -l s, and make the formula equal to its square
7t — 403 -+ 6r2s> — 4rs® 4 s*; the first and the last two
terms being thus destroyed on both sides, we should have,
by dividing the other terms by 7*s, 4r — Gs = — 47 + Gs,
or 87 = 12s; conscquently, » = 2¢; so that by this second
supposition, fif » = 3, and ¢ = 2, we shall find v= =119,
or a negative value. i

But let us make 7 = 2s + ¢, and we shall have for our
formula

r* = 95 - 8st 17 1% = 37| 2250t L st - 85,
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Thercfore »*

o

Sist - 278% 4 275U 4 Gsgd |- ¢4

+ Arls = 75t 4 275% + 185%2 4 ds?
— 07%2 = — 27s% — 185t — OGs?t*
— drs? = — Os* = 4s¥
+ s' =+ s*; and, consequently, the formula will

1 3 51
be ms" -+ T'Zs’t + —2—3%9 + 10s2® - £+,

This formula ought also to be a square, if multiplicd by

16, by which means it becomes
s* 4 290s% - 40852 -~ 160s£3 -4- 16¢+.
Let us make this equal to the square of s> - 1485t — 4¢°,
that is, to s* -~ 206s'¢ - 2189Gs%° — 1184st3 -- 16¢+ 5 the
first two terms, and the last, arc destroyed on both sides,
and we thus obtain the equation
21890s — 1184¢ = 408s -}- 160¢, which gives

S = r3is — 336 — sa4_
¢t 21388 — 5372 — T34%3°
Therefore, since s = 84, and ¢ = 1343, we shall have
r = is -~ t = 1469, and, consequently,
‘ x =+t — 6ris® 4 s* = 4565486027761, and
y = 47’ — 4rs’ = 1061652293520.

CHAP. XV.

Solutions of some Questions, in which Cubes are required.

241. In the preceding chapter, we have considered some
questions, in which it was required to transform certain
formula into squares, and they afforded an opportunity of
explaining several artifices requisite in the application of the
rules which have been given. It now remains, to conmdgr
questions, which relate to the transformation of certain
formulae into cubes; and the following solutions will throw
some light on the rules, which have been already explained
for transformations of this kind.

212 Question 1. Tt is required to find two cubes, 2%
and 3°, whose sum may be a cube.

Since @* + »® must be a cube, if we divide this formula
by #° the quotient ought likewise to be a cube, or

3
—:;? -+ 1 = c. If, thercfore, % == — 1, we shall have

GG



